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Abstract. A classification of 2-simple prehomogeneous vector spaces is completed

by using some P.V.-equivalences together with [3]. Some part is very different from

the previous classification of the irreducible or simple cases [1, 2], and some new

method is necessary. This result shows the difficult point of a classification problem

of reductive prehomogeneous vector spaces.

Introduction. In M. Sato and T. Kimura [1], all irreducible prehomogeneous vector

spaces (abbreviated irreducible P.V.'s) are classified up to castling-equivalence, and

it is proved that any irreducible P.V. is castling-equivalent to a 2-simple P.V. (or to

(SL(tn) X SL{m) X GL(2), Aj ® A: ® Ax) with m = 2,3). Therefore, as a step to

a classification of the general case, it is natural to classify all nonirreducible 2-simple

P.V.'s. In this paper, we shall classify all 2-simple P.V.'s of type II and give the

complete list of them up to strong equivalence in the sense of Definition 4, p. 36 in

[1]. However we need various P.V.-equivalences (cf. Propositions 1.7; 1.12; 1.34;

1.36; 1.37, Theorem 1.16 and its Corollary; Corollary 1.26, Definition 1.31, Remark

1.32) to carry out the classification, and hence, first we shall prove them. We also

investigate the regularity in some cases. Since all 2-simple P.V.'s of type I are already

classified in [3], this completes the classification of all 2-simple P.V.'s. Here we say

that (G, p, V) (or simply (G, p)) is a 2-simple P.V. if it is a prehomogeneous vector

space of the following form: G = GL(l)k+s+t xGy x G2 where Gy and G2 are

simple algebraic groups, p = the composition of the scalar multiplications

GL(l)k+s + ' on each irreducible component and the representation p' = px ® p[

+ ■■■ +pk® p'k + (<Jy+ ■■■ +os) ® 1 + 1 ® (tx + • • • +t,) of the group G, X G2

where p,, Oj (resp. p,', Ty) are nontrivial irreducible representations of Gy (resp. G2).

We write (G, p', V) instead of (G, p, V) for simplicity. To avoid confusion, we write

+ instead of ©. Clearly each (GL(1) X Gy X G2, p, ® p,') (i = l,...,k) is an

irreducible 2-simple P.V. If at least one of them is a nontrivial P.V. (see Definition

1.1), we call it a 2-simple P.V. of type I. On the other hand, if all of them are trivial

P.V.'s, we call it a 2-simple P.V. of type II. In this case, we have G2 = SL{n),
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Pi = A^"0 (i.e., Ax or Af) and 2 < degp, < n for /' = 1,..., k. Here Ax stands for

the standard representation of SL(n) on K" and Af its dual. In this paper, we shall

consider everything over an algebraically closed field K of characteristic zero.

The work in §§1 to 3 was done essentially around 1982. The crucial part for a

classification of 2-simple P.V.'s is §4, in particular §4.2, where we cannot use the

previous results in [1, 2], and some new idea was necessary. Namely the classification

problem of 2-simple P.V.'s has been reduced to the problem, which was open since

1982, to determine when

j GL(l)k+s + ' X SL(m) X SL(n),

s k

^T^TA^ ® 1 +{ax ® Ay +~^~+ Aj ® AJ

+ 1 ®Uf:r—^PAf|j,

with km ^ n ;> m ^ 2 and f > 1, has a Zariski-dense orbit. The solution is given by

Theorem 4.13. The key point is to investigate a castling transformation in detail by

Lemmas 4.7-4.9. Note that scalar multiplications have a delicate role in §4. For

example,

lGL(l)k+s+,XSL(m)xSL(n),

(Af + A1T^TT'A1J ® 1 +(A: ® A{+~:^~r+~'Ay ® AJ

+ 1 ®(a* + AJ+^^PAJJ

(s > \,t > 1, km £ n ^ m)

is a P.V. if and only if

[GL(m - 1) XGL(n - 1),

Aj + • • ■ + Aj   ® 1 +  At ® Ai + • • •  + Aj ® Aj   + 1 ®  A! + • • • + AJ

is a P.V. (see Theorem 4.18). These results show us the difficulty of the classification

of reductive P.V.'s, or even 3-simple P.V.'s. The crucial point will be to classify the

case (GL(iy X SL(rriy) X ••• xSL(mk), T?t_y(p'y® ■■■ ®p'k)) when any p\. =

A,, Af, or 1 (k > 3). Even the prehomogeneity of

((GL(ny) X ■■■ XGL(nk)) X GL(n), (Ay + • • ■ + AJ ® Ai;

is not completely known for k > 6.

Now, we shall explain about §§1-3. In §1, we investigate the prehomogeneity of

(G X GL(n), px ® A, + p2 ® Af). Some people already worked on this subject (see

Remark 1.38). We also give a proof of invariance of regularity under a castling

transformation without assuming the reductivity of the groups. Then we give some
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P.V.-equivalences in Proposition 1.34, obtained from Yasukura's remark (Proposi-

tion 1.33). In §2, this will be used a lot, together with the results in [1, 2], to classify

the case when (GL(n), t) (t =£ Ax, Af) is one of the irreducible components.

Although §§2 and 3 have been done before (unpublished), by using the P.V.-equiva-

lence in Proposition 1.36 (resp. Lemma 3.7), we were able to make §2 (resp. §3)

much shorter than before. We would like to express our hearty thanks to the referee

for giving a counterexample to our previous conjecture (see Remark 1.24).

1. Some P.V.-equivalences and regularity. In this section, we do not assume the

reductivity of the groups. First of all, we shall review relative invariants of a P.V.

(See §4 in [1].) Let (G, p, V) be a P.V. with the singular set S, i.e., the proper

Zariski-closed subset of V such that V - S consists of a single G-orbit. A point x in

V — S is called a generic point and the isotropy subgroup Gx = {g G G; p(g)x = x)

at a generic point x is called a generic isotropy subgroup. Let Sy,...,St be the

irreducible components of 5 of codimension one. Then there exist irreducible

polynomials fj(x) and characters x,: G ~* Kx satisfying St■ = {x g V; ft(x) = 0}

and h(p(g)x) = Xi(g)fi(x) i°T all g g G and x G V (i - 1,...,/). In general, a

nonzero rational function f(x) on V is called a relative invariant of (G, p, V) if there

exists a character x: G -» Kx satisfying f(p(g)x) = x(s)f(x) f°r all g g G and

x G V — S. It is known that such / can be written uniquely as f(x) =

cfy(x)m\...,fl{x)m' with c g Kx and (m1;..., m,) e Z', and we say that

fy(x),...,fi(x) are basic relative invariants.

Now put (G)y = [G,G] ■ Gx where Gx is a generic isotropy subgroup. It does not

depend on a choice of a generic point. Then the character group of G/(G){ is a free

abelian group of rank /.

Now if there exists a relative invariant f(x) of (G,p,V) such that its Hessian

Hf(x) = det(32//3x,3x7) is not identically zero, we say that (G, p, V) is a regular

P.V. It is equivalent to say that the map gradlog/: V - S -* V* is dominant for

some relative invariant f(x). Moreover, when G is reductive, (G, p, V) is regular if

and only if a generic isotropy subgroup is reductive, and it is so if and only if the

singular set S is a hypersurface (pp. 70-73 in [1]).

Definition 1.1. Let p: H -> GL(V) be any finite-dimensional representation of

any group H. Then, a triplet (H X GL(n), p ® Aj,F® V{n)) is a P.V. for all n

satisfying n ^ deg p = dim V. We call such a triplet a trivial P. V.

Lemma 1.2. Let (G,p,V) be a regular P.V. and (G',p',V) a P.V. satisfying

p'(G') c p(G) (c GL(V)). Then (G\ p', V) is also a regular P. V.

Proof. By definition, there exists a relative invariant f(x) of (G,p, V) such that

its Hessian is not identically zero. Since f(x) is also a relative invariant of

(G\ p', V), we have our result.    Q.E.D.

Proposition 1.3. A trivial P.V. (H X GL(n),p ® A,, K® V(n)) (n > dimK =

deg p) is regular if and only if" n = deg p.

Proof. Assume n = degp. Since (GL(n) X GL(n), A, ® A,) is a regular P.V.,

(H X GL(n),   p ® A,)  is  a  regular  P.V.  by   Lemma  1.2.  Actually,  we  have
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gradlogdet X ='Ar_1 for X G V — S (see Lemma 1.21.). Now assume that n £ degp

and (H X GL(n), p ® Ax) is regular. Then again by Lemma 1.2., a trivial P.V.

m

({1} X GL(«),(l +-^^+1)® Ay,V<8> V(n))
m

= (GL(n), Ay+-^^+Ay)        (m = degp$w)

is regular, which is a contradiction.    Q.E.D.

Definition 1.4. We call (G, p, V) = © ( (G„ p,, F,) f/i<? Jz're-tf ram of the triplets

(G„ p„ Vi) (i = 1,..., /) when G = G: X •■• X G/; p = p! ® 1 ® ••• ®1 + ••• +1

® ■ • • ® 1 ® p„ V = Vy ffi • • • ® V,. Then, it is clear that ffi;'=1(G,, p„ V,) is a P.V. if

and only if all triplets (G,, p,, Vt) (/' = 1,..., /) are P.V.'s. In particular, if (Gy, p1; Fx)

and (G2, p2, F2) are simple P.V.'s, we obtain a 2-simple P.V. ©^(G,-, p,, Fj) which is

called a decomposable 2-simple P.V. Here a P.V. (G, p, F) is called a simple P.V. if

G = GL(1)' X Gs and p is the composition of a rational representation p' = px

© • • ■ ffi p, of a simple algebraic group Gs and the scalar multiplications GL(1)' on

each irreducible component Vt (V = Fx ffl • • • © V,) where p, is an irreducible

representation of Gs on Vl (i: = 1,...,/). Such simple P.V.'s are already classified

(see §5.1).

Proposition 1.5. The direct sum ffi'=1(G,-, p„ Pj) « regw/ar i/and only if (G„ p„ Pj)

are regular P. V.'s for all i = 1,..., /.

Proof. Let 5, be the singular set of (G„ p„ F,) for i = 1,..., /. Then the singular

set of ©/^(G,, p,, F,) is U[=1 F, ffi ••• ffi 5, ffi ••• ffi F, and hence any relative

invariant f(x) of ®l._1(Gi, p„ Fj) is of the form f(x) = fy(xy) ■ ■ ■ f,(x,) for x =

(Xy,..., xt) g Vy® ■ ■ ■ ffi F, where /•(*i) is a relative invariant of (G,, p,, F,) for

i = 1,..., /. Since gradlog/(x) = Ej_, gradlog/,(x;), we have our result.   Q.E.D.

From now on, we shall deal only with indecomposable P.V.'s., i.e., A; > 1 in the

Introduction.

Definition 1.6. A triplet (G,p,V) is called a generalized direct sum of triplets

(G„ Pi, Vl)(i = l,...,l)iiG = G1x ■■■ xGjX GL(n),

P = (P!®1® ••• ®1 + ••• +1® ■•• ®l®p/)®l + p®A1

and

V= Vy+ ■■■ +V,+ V ® V(n)

where p: Gy X ■ ■ ■ xG,-» GL(V') is any finite-dimensional representation and n is

any natural number satisfying n 3s dim V. If dim V = 0, it is a usual direct sum.

Proposition 1.7. A generalized direct sum (G, p, V) of (G,, p,, Vt) (i = 1,..., /) is

a P. V. if and only if all triplets (G„ p,., F,) (/ = 1./) are P. Vs.

Proof. Assume that all (G,, pt, Vf) (i = 1,.... 1) are P.V.'s. Let H be a generic

isotropy subgroup of ®[_l(Gi, p,, Vf). Then the triplet (G, p, V) is a P.V. if and only

if (H X GL(n), p | H ® Aj, F' ® F(«)) is a P.V., and the latter is actually a trivial

P.V. The converse is obvious.    Q.E.D.
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Lemma 1.8. Let (H X GL(n), p ® A1; V(m) ® V(n)) be any trivial P.V. with

m < n. If we identify V = V(m) ® V(n) with the totality ofmXn matrices M(m, n),

then its singular set S is given by S = {Ie M(m, n); rank X < m — 1}, and V — S

consists of a single GL(n)-orbit.

Proof. When

(H,p,V(m))=(GL(m),Ay,V(m))

or
m

(H,p,V(m)) = [{l},l-+-^Tl,V(m)),

the set {X g M(m,n); rank X = m} consists of a single H X GL(«)-orbit, and

hence, this is so for any (H, p,V(m)) since {1} c p(H) c GL(m). Thus we have

S = {A'e M(m,n)\ rank A < m - 1).   Q.E.D.

Proposition 1.9. A generalized direct sum (G, p, V) of (G,, p„ Vf) (i = 1,..., /) is

a regular P.V. if and only if each triplet (G,, p;, F,-) (/' = 1,..., /) is a regular P.V. and

n = dimF'.

Proof. Let S (resp. S', S) be the singular set of ffi/=1 (G„ p„ V,) (resp. (G, p ®

Aj, F' ® F(«)), (G, p, F)). Then

{(x,x') G (Vy ffi ••• fflF/) + V ® F(/i);

x g (Fx ffl • • • ffi V,) - S,x' g V ® F(«) - 5"}

consists of a single G-orbit by Lemma 1.8.

Hence we have S = S ffl (V ® F(«)) U FL ffl • • • ffl K, ffl S'. From here the proof

goes similarly as the proof of Proposition 1.5. by using Proposition 1.3.   Q.E.D.

Definition 1.10. From any simple P.V. (G,p,V), we obtain a 2-simple P.V.

(G X GL(n), p ® 1 + o ® A1( V + V ® K(«)) where a: G -> GL(F') is any finite-

dimensional rational representation and n is any natural number satisfying n ^

dimF'. We call such a triplet a 2-simple P.V. of trivial type. By Proposition 1.9, it is

regular if and only if n = dim V and (G, p, F) is regular.

Lemma 1.11. (GL(1) X G, p: ® p2, F(w:) ® V(m2)) with mx ^ m2 > 2 /j a

non-P.V., where py and p2 are nontrivial irreducible representations of a simple

algebraic group G.

Proof. Since p2(G) c SL(m2), we have dimGL(l) X G < m\ < w,w2 = degp:

® p2. On the other hand, if it is a P.V., then dimGL(l) X G > degpt ® p2, and

hence mx = m2 (= w), G = SL(m) and P[ ® p2 = Aj ® A^*'. However /(A) =

det( X -f-'A^det X (resp. (TrA')"'/det A") is a nonconstant absolute invariant for

X g A/(m) = F(w!) ® V(m2) when p! ® p2 = A, ® Aj (resp. Aj ® Af) and so it

cannot be a P.V.    Q.E.D.
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Proposition 1.12. Let G be a simple algebraic group and consider a P. V.

(GL(l)'x Gx SL(n),

(Py+    ■■■    +Pk)   ®   AX   +(Oy+    ■■■    +Os)   ®   1    +    1    ®(Tl    +    •••    +T,))

with 2 < degp( < n (i = 1,..., k), I = k + s + t where p,, a, (resp. t ) are nontriv-

ial irreducible representations of G (resp. SL(n)). If deg p; = n for some i = l,...,k,

then we have k = 1. A triplet

(GL(l)1+s+'x Gx SL(n),Py ® Ai +(oy + ■■■ +os) ® 1 + 1 ®(Tl + ••• +t,),

M(n) + F(deg(a1 + ■ • • +os)) + F(deg(r1 + • • • + t,)))

with degpj = n, is a P.V. if and only if a triplet

(GL(l)S + 'XG,(Oy+    ■■■    +Os)+(Ty+    ■■■    +T,)-P*y,Vy+    V,)

is a simple P.V. where dimFx = deg(aj + • • • +os) and dimF2 = deg(Tx + • • • +t,).

Proof. It is clear that (GL(1)2 X G X SL(n), p, ® A, + p2 ® A,) with degpx =

n is a P.V. if and only if (GL(1) XG, p2® pf) is a P.V. By Lemma 1.11, the latter

cannot be a P.V., and we have k = 1. The last statement is obvious.   Q.E.D.

Remark 1.13. The P.V.-equivalence in Proposition 1.12 is an example of isotropic

P.V.-equivalence (see Definition 1.31). Assume that the latter triplet is a simple P.V.

If Tj + • • • + t, = 0, then the former triplet is a 2-simple P.V. of trivial type

(Definition 1.10). Even if t: + • ■ • + rt + 0, we still call it a 2-simple P.V. of trivial

type.

Now let us consider a triplet

(G X GL(n), py ® Ax + p2 ® Af, V(mx) ® V(n) + V(m2) ® V(/?)*).

Without loss of generality, we may assume wx > m2. For simplicity, put Gn = G X

GL(n), on = py ® A: + p2 ® Af, and Wn = V(mY) ® V(n) + V(m2) ® V(n)*. We

identify F(w1) ® V(n) (resp. V(m2) ® V(n)*, V(mx) ® V(m2)) with M(mx,n)

(resp. M(m2,n), M(my,m2)).

Theorem 1.14. Assume that (Gn,on,W„) is a P.V. with n > m2. Then a triplet

(G,py ® p2,V(my)® V(m2)) must be a P.V.

Proof. Define a map /: Wn = M(mx, n) ffl M(m2, n) -» V(mx) ® V(m2) =

M(my, m2) by f(X, Y) = X'Y. Then we have /((Z|0), (Imi |0)) = Z for any Z g

M(my,m2) and hence the map / is surjective. Since f(p1(g)X'h,p2(g)Yh'1) =

Py(g)(X'YyP2(g) for all (g,h) g G„ = G X GL(«), the map / is G X GL(n)-

equivariant, and hence, in view of Lemma 5, p. 36 in [1], we obtain our assertion.

Q.E.D.

Proposition 1.15. Let px and p2 (resp. p) be irreducible representations of a

simple algebraic group Gy (resp. G2) satisfying min{degp,degpJ ^ degp2 > 2.

Then (GL(1)2 X Gy X G2, px ® p + p2 ® p*) is not a P.V.
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Proof. If it is a P.V., then (GL(1)2 x GyX GL(n), px ® At + p2 ® Af) is also a

P.V. for « - deg p. By Theorem 1.14, (GL(1) X Gy, px ® p2) must be a P.V. This is a

contradiction by Lemma 1.11.   Q.E.D.

Theorem 1.16. If a triplet (G,px ® p2, F^) ® V(m2)) is a P.V., then a triplet

(G„, an, Wn) is also a P.V. for any n > mv Moreover, ifZ G M(my, m2) = V(mx) ®

V(m2) is a generic point, then x = ((/mj |0), ('Z|0)) g Wn = M(mx, n) ffi M(m2, n)

is a generic point of (Gn,on, Wn).

Proof. It is enough to show the last statement. Let © (resp. @„) be the Lie

algebra of G (resp. G„). Then the isotropy subalgebra (®„)x of @„ at X = (Im |0)

is given by

(©„), = jL h'dpi{A) _l\\;A g @, B g MK,« - Wl),

Cg M(w - mJ

and it acts on Y = ('Z[0) as Y ^ ('[dPy(A)Z + Z'dp2(A)]\-'ZB). Since rank

Z = m2, we have -ZF = (JmJ0) for some Fg GL(my). Then, for any We

M(m2, n — my), we have -'Z£ = IF with

MS)-
This implies that don(@>n)(x) = Wn, i.e., x is a generic point of (Gn,on,Wn).

Q.E.D.

Corollary of Theorem 1.16. Assume that n £ max{mx, m2). Then a triplet

(G X SL(n), py ® Ai + p2 ® Af, F(mi) ® F(«) + F(w2) ® F(«)*)

u P.V.-equivalent to the triplet (G, Py ® p2, F(Wj) ® V(m2)).

Proof. It is enough to show that the prehomogeneity of (G X GL(n), py ® At +

p2 ® Af) implies that of (G X SL(n), p, ® A: + p2 ® Af). Any element 5 of

GL(n) can be written as

B = B011"-1        °    )    with50G SL(n).
°\   0       detfi/ °

Then we have

(piU)(/„, |0) 'B, p2(^l)('Z|0)fi-1) = (p1(^)(/mi |0) 'JB0,p2(^l)('Z|0)fi0-1)

for any g = (A, B) e G X GL(«) where x = ((/mj |0), ('Z|0)) is a generic point of

(G„, a„, IF„) in Theorem 1.16, and hence we obtain our result.    Q.E.D.

Now assume that (G,px ® p2,V(my) ® V(m2)) is a P.V. We shall study relative

invariants oi (G„,an,Wn)ior n > mx (> m2). Let / (resp. /„) be the number of basic

relative invariants of (G, pj ® p2, F(w1) ® F(w2)) (resp. (G„, a„, H/)).
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Lemma 1.17. (1) Iff is a relative invariant of (G,px ® p2,V(my) ® V(m2)), then

F(X, Y) = f(X'Y) for (X, Y)=W„ = M(mx, n) ffl M(m2, n) is a relative invariant

of (G„,a„,W„).
(2) /</„</+ 1.

Proof. (1) Since o„(g,h)(X,Y) = (py(g)X'h, p2(g)Yh~1) for (X,Y) e W„, we

have X'Y -* py(g)(X'Y)'p2(g) for any (g, h) e G X GL(n). Hence we obtain our

assertion.

(2) The map f-* F in (1) is injective since F(X0,Y0) = f(Z) for any Ze

M(my, m2) = V(my) ® V(m2) with X0 = (Jm] |0) and Y"0 = ('Z|0). Hence we have

/ < /„. Since [GL(n),GL(n)] = SL(n), we have (G„)y => (G)y X SL(n) and hence

G„/(Gn)y c G/(G)y X GL(1). Since / (resp. /„) is the rank of the character group of

G/(G)y (resp. G„/(Gn)y), we have /„ < / + 1.    Q.E.D.

Proposition 1.18. (1) If n > mx (3* m2), we have ln = I, namely, all relative

invariants of (G„, an, Wn) are obtained in the way of (1) in Lemma 1.17.

(2) Ifn = mx(> m2), we have /,, = /+ 1, and F(X, Y) = det Xfor (X, Y) e Wn

is also a relative invariant of (Gn,on, Wn).

Proof. (1) It is clear that the generic isotropy subgroup of G„ at the point

x = ((Imi |0), ('Z |0)) g Wn (see Theorem 1.16) contains

||{i}, f^—^));A e GL(" - ™i)} - GL(" ~ mi)-

Hence, if n > my, then

(G„)y = (Gn)x-{[G,G] X SL(n)} = (G)y X GL(n)

and hence Gn/(Gn)y = G/(G)V This implies /„ = /.

(2) It is clear that F(X,Y) = det X is one of the basic relative invariants, which is

not of the form f(X'Y). Hence we have / <, /„. By (2) of Lemma 1.17, we have

/„ = / + 1.    Q.E.D.
Now we shall investigate the regularity of (G„, on, Wn). We denote the Zariski-dense

orbit in K(m,) ® V(m2)= M(w,,w2) (resp. Wn) by M(mx,m2)' (resp. W'n). We

identify M(mx, m2) (resp. Wn) with its dual in the natural way.

Let / be a relative invariant of (G, px ® p2, M(mx, m2)) and put <$> = grad log/:

M(mx, m2)' —> M(mx, m2). Since we have

and

(i = l,...,my, t = 1,..., m2; j = 1,...,«), we get

(1.1) *(X,Y) = ff*d\ogF(X,Y)=(*(X'Y)Y,,*(XlY)X)

for the relative invariant F(X, Y) = f(X'Y) on Wn where (X, Y) e W'n.
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Lemma 1.19. Let (G, p, V) be a P.V. with the singular set S. For any a e Kx, we

have ax e V — S for any x e V — S.

Proof. Since dp(A)x = 0 if and only if dp(A)ctx = 0 for A e © = Lie(G), we

have ©ax = ®x = {A e (S>; dp(A)x = 0} and hence ax is a generic point when x

is a generic point.   Q.E.D.

Proposition 1.20. Assume that n > m, (> m2).

(1) If my = m2, then (G, py ® p2,V(mx)<8> V(m2)) and (G„,on,Wn) are regular

P.V.'s.

(2) Ifn = mx and (G, px ® p2, V(mx) ® F(m2)) w a regular P.V., then (G„, a„, IF„)

« afao a regular P. V.

Proof. (1) Put m = mx = m2. Since (GL(m) X GL(m), Ay ® A,, M(m)) is a

regular P.V., a P.V. (G, p: ® p2, M(m)) is also regular by Lemma 1.2. Similarly, if

we show that a triplet

(GL(m) XGL(m) XGL(n),

Ky ® 1 ® Aj + 1 ® Aj ® Af, M(m,n) ffl M(w, n))

is a regular P.V., we get the regularity of (Gn,an,Wn). However, the isotropy

subalgebra at ((/„, |0), (Im |0)) (cf. Theorem 1.16) is

|(y4,-',4,    —_- J   ; A <= a,l(m), B <= Ql(n - m)\ = a,l(m) ® Ql(n - m)

which is reductive, and hence our P.V. is regular.

(2) For a natural number m, put

$m(X, Y) = gradlog{(detX)m ■ F(X,Y)} = $(X,Y) +(m'X-\0)

(see Lemma 1.21). By (1.1), for a generic point (X0, Y0) e M(n) ffi M(m2, mx)

(n = w,), we have

*m(Py(g)X0'h,p2(g)Y0h-1) = (fp-1(g)W0h"1,'p21(g)'4>(Z0)'h')

where (g, /i) g G„ = G X GL(n), Z0 = X0'Y0 e M(mx, m2), W = /i'A0 e GL(n),

and IF0 = mln + <J>(Z0)'Z0 = M(n). If m is sufficiently large, we have det!F0 # 0

and for any given A'e GL(n), there exist g = G and /i' e GL(n) (hence h e

GL(n)) such that 'Pi^gW"'-1 = *> »•«•. *' = *_1 'PiHg)^- Hence <D„, is domi-

nant if and only if {'p~x1(g)W04>(Z0)p2l(g); S G G) is Zariski-dense in M(mx, m2),

namely, W0$(Z0) is a generic point of (G, (pj ® p2)*, M(w,, w2)). By assumption,

<J)(Z0) is a generic point and hence <>(Z0) + (l/m)$(Z0)'Z0</>(Z0) is also a generic

point for a sufficiently large w. By Lemma 1.19, W04>(Z0) is a generic point for such

w. This implies Om is dominant for sufficiently large m and (G„, a„, IF„) is regular.

Q.E.D.

Lemma 1.21. Let f be a relative invariant of a P.V. (H X GL(m2), p ® A,,

V(my)9 V(m2)) with mx >m2>l. By (X,Y) = Tr'XY for X, Y G M(mx,m2) =

V(mx) ® V(m2), we identify M(mx, m2) with its dual. Put <£(Z) = grad log/(Z) e

M(mx, m2). Then we have 'Z<j>(Z) = rlm , with r = (deg/)/m2 /or any generic point

Z in M(mx, m2). Hence rank<i>(Z) = m2. In particular, when mx = m2 andf(Z) =

detZ, we have ^(Z)='Z~X.
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Proof. Since / is a relative invariant, there exists a character x of H and an

integer r satisfying f(p(h)Z'B) = x(h) • (det B)r ■ f(Z) for g = (h, B) G H X

GL(m2) and a generic point Z in M(mx, m2). Then we have r = (deg/)/w2 since

f(Z'B) = sde*ff(Z) and (detfl)r = srm* for g = (l,tfMl). By (2) of Proposition 9,

p. 62 in [1], we have TrA('Z<t>(Z)) = (Z'A,4>(Z)) = rTrA for all A G gl(w2) and

hence 'Z<j>(Z) = rl„2 with r = (deg/)/m2.    Q.E.D.

Proposition 1.22. (1) If n £ mx £ m2, then (G„,a„, Wn) is a nonregular P.V.

(2) Assume that n = mx :> m2 and (G, px ® p2, M(mx, m2)) is a nonregular P.V.

which satisfies at least one of the following conditions (i)-(iv). Then (G„, on, Wn) is a

nonregular P. V.

(i) G = reductive.

(ii) G = H X GL(m2), pt: H -> GL(my) and p2 = Kx where H is not reductive.

(iii) rank <£(Z) S mi for any relative invariant f where §(Z) = grad log/(Z) G

M(mx, m2).

(iv) The dual (G, (py ® p2)*, M(my, m2)) is a non-P.V.

Proof. (1) Since rank <j>(X'Y) < m2 s mx in (1.1), $(X, Y) cannot be dominant.

Hence (G„, an, Wn) is not regular by (1) of Proposition 1.18.

(2) (i) The generic isotropy subgroups of (G, px ® p2, M(my, m2)) and (G„, on, Wn)

are isomorphic. Hence their reductivity is equivalent to the regularity when G is

reductive.

(ii) We use the same notation as in the proof of (2) in Proposition 1.20. The P.V.

(G„, an, Wn) is regular if and only if Om is dominant for some m, and it is so if and

only if W0<f>(Z0) = m4>(Z0) + </>(Z0)'Z0(/>(Z0) is a generic point for some m, where

(j>(Z0) is a nongeneric point. By Lemma 1.21, we have IF0<J>(Z0) =

(m + (deg/)/m2)(/>(Z0), which is not a generic point for any m. Note that we may

assume that the dual of (G, pt ® p2) is a P.V. since otherwise we deal in the case (iv).

Hence (G„, an, Wn) is not regular.

(iii) Since $m(A, 7) = (<f>(X'Y)Y + m'A"1, '4>(XY)X) and mnk'<j>(X'Y) s m2,

the map <&m cannot be dominant.

(iv) If (G„,a„,IF„) is a regular P.V., then its dual is also a regular P.V. However,

the dual is a P.V. if and only if(G,(pt ® p2)*) is a P.V. and hence we obtain our

assertion.    Q.E.D.

Example 1.23. Consider the following P.V.'s, (G, pt ® p2, M(my, m2)).

(A) (Sp(«) X GO(3), Ky ® Alt M(2n,3)).
(B) (Tru(my) X GL(m2), Ky ® Ax, M(w,, w2)) where Tru(m1) denotes the upper

triangular matrix group of degree mx (^ m2).

(Q({(0afc); a#0}, A1; M(2,l))

Then (A) (resp. (B); (C)) satisfies the conditions (i) and (iii) (resp. (ii); (ii), (iii) and

(iv)) in Proposition 1.22.

Remark 1.24. Let (G,px ® p2, M(mx,m2)) be a P.V. with a relative invariant /.

Put

*(Z) = (7(Z)^(Z))    {otZ-(*tj)eM(mi>m2)-
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In the case of Lemma 1.21, 4>(Z)'Z<t>(Z) coincides with <t>(Z) up to a constant

multiple. However, this is not true in general. Counterexample: m, = m + 1,

m2 = m > 2, G = GL(m) X GL(1) X SO(m), pt = Ky ® 1 ® 1 + 1 ® Ky ® 1, p2

= 1 ® 1 ® Ky, f(Z) = (detX)(y12 + ■■■ + yl) for Z = [*] e M(ifi + l,m)(Ae

M(m), v e F(m)).

Now let us consider a triplet (G„,a„, IF„) when mx £ «. For an element A of

M(mx,n), we denote by (A) the vector subspace of V(mY) spanned by column

vectors of A. If rank X = n, then (X) is an element of the Grassmann variety

Grass „(V(my)).

Theorem 1.25. Assume that my :> n. Then the following conditions are equivalent.

(l)(G„,o„,W„)isaP.V.

(2) A variety

def
£/= {«A>, A'Y) e Grass„(F(w1)) © M(m1,m2);

(X, Y) e Wn = M(mx,n) ffl M(m2,n), rankA = n, rank Y = min{n,m2})

is G-prehomogeneous, i.e., Uhas a Zariski-dense G-orbit.

(3)(i)(G X GL(n), py ® A1; M(my,n)) is a P.V, and (ii) (G^w), ~Pl ® (p2\G{w)),

(W) ® V(m2)) is a P.V. where W e M(mx, n) is a generic point of (i) and G/Wy is

the isotropy subgroup of G at (W) e Grass„(F(w1)). Here py is the representation of

Gryy. on (W') induced by pv

Proof. Put

U'= {(A,y)e Wn = M(my,n)®M(m2,n);

rank A = n, rank Y = min{ n, m2}}.

Then (G„, an,Wn) is a P.V. if and only if U' is a G X GL(n)-prehomogeneous

variety. Define a map <p: [/' -» t/ by qp(Jf, Y) = «A>, A'y) for (A,Y)g U'.

Clearly it is surjective and G X GL(n)-equivariant where GL(n) acts on U trivially.

In view of Lemma 5, p. 36 in [1], to see the equivalence of (1) and (2), it is enough to

show that each fiber of cp is GL(rc)-homogeneous. Assume that ((A), A'Y) =

«A">, X"Y'). Since <A> = (X'), we have A' = X'B for some B g GL(n), and

hence 0 = X"Y' - X'Y = X('B'Y' -<Y). Since rank A = n, we have Y' = YB~\

i.e., (X',Y') = (X'B^B-1) for some B g GL(«). Now define a map ^: £/->

Grass„(F(w1)) by ^((A), A'Y) = (A). Clearly it is surjective and G-equivariant.

By p. 37 in [1], the Grassmann variety Grass„(F(w1)) is G-prehomogeneous if and

only if (i) holds. Since the fiber

^((W)) = [X'Y g M(my,m2) = V(my) ® V(m2);

rankA = n, rankY = min{«, m2), (A) = (W))

is isomorphic to (W) ® V(m2), we have the equivalency of (2) and (3).   Q.E.D.

Corollary 1.26. Assume that m,> m2%. n. Then (Gn,on,Wn) is a P.V. if and

only if

(i)(G X GL(n), py ® Kv M(m1(n)) is a P.V.

(v)(G<lVi> X GL(n),p2[G{Wi)® Ky,M(m2,n))isaP.V.

(i«) (GW,^>. Pi ® P2> (Wy) ® (W2)) is a P.V.
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Here Wy G M(mx, n) (resp. W2 G M(m2,n)) is a generic point of (i) (resp. (ii)) and

G(w„w2) is tne ^otropy subgroup of G at ((Wy),(W2)) ^ Grass „(F(w1)) ffi

Grass„(F(m2)). Here py ® p2 is the representation of G^w Wy on (Wy) ® (W2)

induced by py ® p2.

Proof. By the proof of Theorem 1.25,

U"= {(<Y>,<Y>,A'Y)GGrassn(F(w1))fflGrass„(F(w2))fflM(w1,w2);

rank X = rank Y = n}

is isomorphic to U = {((A), A'y)}. Define a map /: U" -> Grass„(F(/w1)) ffl

Grass„(F(m2)) by /«A>, <F>, A'y) = «A>, <y». Clearly it is surjective and

G-equivariant. Note that Grass,, (F( raj) ffl Grass„(F(m2)) is G-prehomogeneous if

and only if (i) and (ii) hold. Since a fiber f'\(Wx), (W2)) = (Wy) ® (W2), we have

our result by Lemma 5, p. 36 in [1].    Q.E.D.

Finally we '•hall prove the invariance of regularity under a castling transformation

without assuming the reductivity of a group. It is enough to prove that if a triplet

(G X GL(n), p ® Ky, V(m) ® V(n)) (m £ « > 1) is a regular P.V., then a castling

transform (G X GL(m - n), p* ® Ky, V(m)* ® V(m - n)) is also a regular P.V.

Here we do not assume that G is reductive, but we may assume that p(G) c SL(m)

and p*(G) c SL(m) without loss of generality. By (A, Y) = TrA'Y for A, Y g

M(m, n), we identify F(w) ® F(«) = M(m, n) with its dual. Take a generic point

Xq in M(m, n) = K(w) ® F(«). Let / be a nondegenerate relative invariant and x

its corresponding character. Put Y0 = grad log/(A0). Then, by Lemma 1.21, we

have 'Aoyo = ((deg/)/«)/„. Put Y0' = (/i/(deg/))Y0 and P = A0%' g M(m).

Lemma 1.27. (1) P2 = P, (2) TrP = n, (3) Trdp(A)P = («/(deg/))oX(/l) /or a//

A e @ = Lie(G).

Proof. (1) and (2) are obvious. By (2) of Proposition 9, p. 62 in [1], we have

TrJp(^)F=<^p(/l)A0,y0'>

= dig7<Jp(^)Xo'8radl0g/(;ro)> = dei75x(y4)    f0r/,e®-    Q-E-°-

Since   FA0 = A0'yo'A0 = A0   and   dim P(V(m)) < dim 'Y0'(V(m)) < n,   we   have

P(V(m)) = (A0> and it is a generic point of (G,Grass„(F(m))).

Now we define the adjoint P* of P by (FA, Y) = <A, F*y> for A, y e M(m,n).

Clearly we have F* ='P g M(w). Similarly, since P*YQ' ='PY0' = Y0nXQYJ = yo'

and y0' is a generic point of (G X GL(n), p* ® Af, M(m, «)), P*(F*(w)) = (Y0'>

is a generic point of (G, Grass„(F(w)*)).

Lemma 1.28. (l)(/„- P)(V(m))= P*(V*(m))1,

(2)(Im- P*)(V*(m)) = P(V(m))± .

Proof. For any x g F(w), we have 'y()'Px ='y0'A0'F0'x =%'x, i.e., 'Y0'(/m - P)x

= 0. Since P*(V*(m)) = (Y0'>, P*(F*(m)) annihilates (/„, - P)(F(m)) and hence

(Im — P)(V(m)) c P*(F*(w))-L. Since both sides have dimension m — n, they

coincide. (2) is similarly obtained as (1).    Q.E.D.
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Lemma 1.29. Put Q* = I„ - P* and Q = (£>*)*. Then we have (1) Q*2 = Q*,

(2) TxQ* =m- n, (3) Tr dp*(A)Q* = (n/(degf))8X(A) for 4e®, (4)
Q*(V*(m)) is a generic point of (G, Grassm_„(F*(w))), (5) Q(V(m)) is a generic

point of (G, Grassm_„(F(w))).

Proof. (1) and (2) are obvious. Since p*(G) c SL(m), we have Trdp*(A) = 0 for

A e ©, and hence

Txdp*(A)Q* = -Trdp*:(A)Y0"X0 = -<A0, dp*(A)Y^)

= (dP(A)X0,Y(;) = -^-fSx(A)    for^e®,

i.e., (3). For (4), by (2) of Lemma 1.28, Q*(V*(m)) = P(V(m))±= (X0)± and

hence it is a generic point of (G, Grassm_„(F*(w))). Similarly we obtain (5).

Q.E.D.
Since dimQ*(V*(m)) = m - n, by taking basis, we can express Q*: V*(m) -»

Q*(V*(m)) (resp. Q*(V*(m)) -* V*(m)) by 'Z0 (resp. W0) for some Z0, W0 e

M(m,m- n). Then we have Q* = W0'Z0 and 'Z0W0 = Im_„. Since Q*W0 = IF0

and rankIF0 = w - « by 'Z0IF0 = 7m_„, we have Q*(F*(w)) = (IF0). Hence, by

(4) of Lemma 1.29, (W0) is a generic point of (G, Grassm_„(F*(w))). This implies

that W0 g M(m, m — n)= V(m)* ® V(m — n) is a generic point of

(G X GL(w - «), p* ® Ky, V(m)* ® F(w - n)).

Since Q ='Q* = Z0'IF0 and QZ0 = Z0, we have Q(V(m))= (Z0) and hence Z0 is

a generic point of (G X GL(w - n), p ® Af, F(w) ® V*(m - n)). Now we have

(dp*(A)W0 + W0'B, Z0> = Tr^p*(^l)IF0'Z0 + Tr'fi'Z0IF0

= Trdp*(A)Q* + Tr'B

= -^—8x(A) + TrB    forall(^,B)G ©ffl g[(m- n).

Let F be a relative invariant of (G X GL(m — n), p* ® A,, F*(m) ® F(m — n))

corresponding to / (see Proposition 18, p. 68 in [1]). Then its infinitesimal character

is given by

SX(A)+ ,degF.TrB    ior(A,B)<= ©ffi gl(w - n)
(m - n)

(cf. the proof of Lemma 1.21). Since (degF)/(m — n) = (deg/)/n by p. 68 in [1],

we have

/dp*(A)W0 + W0'B, ̂ -ZQ - grad logF(W0)\ = 0

for all(A, B) G © ffi gl(m — n). Since W0 is a generic point, we have

[dp*(A)W0+ W0'B;(A,B)(E ©ffi gl(m - n)} = V(m)* ® V(m - n).

Hence grad log F(IF0) = ((deg/)/«)Z0, which is a generic point. This implies

that the map grad logF is dominant and (G X GL(m - n), p* ® Ky, V(m)* ®

V(m - n)) is a regular P.V. Thus we obtain the following theorem.
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Theorem 1.30 (M. Sato and T. Kimura). The regularity of P.V.fs is a property

invariant under a castling transformation.

Definition 1.31. Assume that (G,py,Vx) is a P.V. with a generic isotropy

subgroup H. Then a triplet (G, px ffi p2, Vy® V2) is a P.V. if and only if (H, p2 \ H, F2)

is a P.V. by Lemma 5, p. 36 in [1]. Sometimes we say that (G, py ffi p2, Vy ffi F2) and

(H, p21 H, F2) are isotropic P.V.-equivalent to each other.

Remark 1.32. Let (G, pl5 F,) be a P.V. with a reductive generic isotropy subgroup

H. Then a triplet (G, pL ffi p2, Fx ffl F2) is a P.V. if and only if (G, px ffl pf, Vy ffl F2*)

is a P.V. We say that they are reductive P.V.-equivalent. Their generic isotropy

subgroups are isomorphic to each other.

Proposition 1.33 (O. Yasukura). (GL(2m + 1) x H, K2 ® 1 + p ® p' (resp.

A=2 ® 1 + p ® p')) w a P.F. i/anrf only if (Sp(m) X GL(2m + 1) X H, Ky ® Ax ®

1 + 1 ® p ® p' (resp. A1®Af®l + l®p® p')) » a P.V.

Proof. Since the GL(2m + l)-part of generic isotropy subgroups of (Sp(m) X

GL(2m + 1), Ky ® Ky (resp. Ky ® Af)) and (GL(2m + 1), A2 (resp. A*2)) coin-

cide, we get our result.    Q.E.D.

Proposition 1.34. (1) // (G x GL(2m + 1), p ® Kx + 1 ® A*2 + a ® 1) w a

P. K, f/iew (G X Sp(m),p ® Aj + a ® 1) « a/50 a P.F. Moreover, they are P.V.-

equivalent when degp < 2 m + 1.

(2) Assume that degp < 2« + 1. Then (G X GL(2m + 1), p ® Ky + 1 ® A2 + a

® 1) « P.V.-equivalent to (G X GL(degp - 1), p* ® At + 1 ® A2 + a ® 1).

Proof. (1) is an immediate consequence of Proposition 1.33, Theorems 1.14 and

1.16. For (2), by Proposition 1.33, it is P.V.-equivalent to

(G X Sp(m) X GL(2m + 1), (p ® 1 + 1 ® A,) ® A, + a ® 1 ® 1),

which is castling equivalent to

(G X Sp(m) X GL(degp - 1), (p* ® 1 + 1 ® Af) ® A, + a ® 1 ® l).

By Proposition 13, p. 40 in [1], we have our result.   Q.E.D.

Proposition 1.35. Assume that

(GL(l)2+s + l X GX SL(n),p® Ky +(ox + ■■■ +os) ® 1

+ 1    ®(Af    +   Tj    +     ■••    +T,))

(m = degp ^ n)

is a P. V. Then

(GL(l)2+s + 'xGxSL(n),

P    ®    A;    +(p    +    Oy    +     -   ■     +(JV)    ®    1     +    1     ®(Tl    +     ■   •   ■     +T,))

must be a P. V.
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Proof. Let x = ((Im |0), v, z) be a generic point of p ® Ax + (aj + • ■ • +as) ® 1

+ 1 ® (t, + • • • +t,). Then the G X SL(«)-part of the isotropy subalgebra h is

given by

(u,5) I* = |-^PU) -fj.rfK + ••• + a,)U), + Bl(l)* -, = 0,

rf(Tl+ ••• +Tr)(5)z + gI(l)'-z = 0 J.

Since gl(l) + K*(B) induces

ldp(A)       Ol/^l        /Ax\      (aXy + dp(A)Xl\

l^rraUJ+ a[T2) = I-;-J'
we have our result.   Q.E.D.

Proposition 1.36. Assume that degp = 2n + 1 <2m + 1. Then

(GL(1)3+S X G X SL(2m + 1),

P   ®   Ky   +(Oy   +    ■■■   +Os)   ®   1   +   1   ®   A2   +   1   ®   Af)

is P. V.-equivalent to

(GL(1)1+S X G, K2(p)* + p + Oy+ ■■■ +os).

Proof. Let

K^(^fl))
be a generic point ofp®Aj + l®A2. Then we have det Z # 0. By the action of

//           -YZ'l\
(1}X   JUl_eGx5L(2w + l),

t      0 hm-2nj

we may assume that Y = 0. Then the G X GL(2m + l)-part of the isotropy sub-

group at this point is given by

UA, |'P"1(/t)     °   ; A e G, (GL(1) x)K*2(p)(A)X = X, B ^ Sp(m - n)\.

Since

ATff'p-'M)| o)Wp^)|   0 |
l\\    o     Tb//    \   o   I 'zr1/

and (Sp(m - n), Af) is a P.V., we have our result.    Q.E.D.

Proposition 1.37. //G is reductive and deg p = 2«' < 2m + 1, then

(GL(1)2+X X Gx SL(2m + 1), p ® Ax + 1 ® A2 +(<jy + ■ ■ ■ +ov) ® l)

is P. V.-equivalent to

(GL(1)2+j X G X SL(2m + 1), p ® Ky + 1 ® A2 +(<jy + ■ • ■ +os)* ® l).
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Proof. By (2) of Proposition 1.34, it is P.V.-equivalent to

(GL(1)2+S X GX SL(2n' - 1), p ® Ax + 1 ® K2+(ax + ■■■ +os)* ® l).

By Proposition 1.33, it is P.V.-equivalent to

(GL(l)2+i' X G X Sp(n' - 1) X SL(2n' - 1),

(Oy+     ■■■     +0-J*    ®l®l+(p®l    +    l®A1)®   Ky).

Since 2n' + 2(n' - 1) - (2n' - 1) = 2«' - 1, it is castling-equivalent to

(GL(1)2+S X G X Sp(n' - 1) X SL(2n' - 1),

(dy    +     ■   ■■     +Os)    ®    1    ®    1    +(p    ®    1     +    1    ®    Ky)    ®   Aj).

Hence we obtain our result.    Q.E.D.

Remark 1.38. In 1971, Mikio Sato gave the P.V.-equivalence of (G,px ® p2,

V(mx) ® V(m2)) and (G„,a„, JF„) for n ^ max{m,, m2} in his lecture held at the

University of Tokyo (Theorems 1.14, 1.16). The P.V.-equivalence of (1) and (2) in

Theorem 1.25 for mx £ n ^ m2 was obtained by Yasuo Teranishi and Sigehumi

Mori independently in 1976. For m1>m2^«, they also showed that (Gn, an, Wn) is

a P.V. if and only if U" (in the proof of Corollary 1.26) is G-prehomogeneous. In

1985, M. Taguchi pointed out that U" = U and got a result similar to the one for

my ;> n > m2. In 1985, Masaki Kashiwara pointed out to T. Kimura the equivalence

of (2) and (3) in Theorem 1.25, and Corollary 1.26.

2. The case for (rx, ..., t,) J= (K\*\ ..., A^*'). In the rest of this paper, we shall

classify all 2-simple P.V.'s by using the P.V.-equivalences obtained in §1. All

2-simple P.V.'s of type I have already been classified [3]. Therefore, to complete the

classification, it is enough to classify all 2-simple P.V.'s of the following type, which

is called type II. Namely, we shall consider

(GL(l)k+s+! X Gy X SL(n), Pl ® A\*' + • • • +pk® AV"

+ (oy + ■ ■■ +aj ® 1 + 1 ®(t: + •• • +T,))

with 2 < degp, < n (i = 1,...,k), where Gy is a simple algebraic group and K\*)

stands for Aj or its dual Af. By Proposition 1.15, we may assume that

Pl ® A^*' + • • • +Pk ® A<;> = (Pl + • • ■ +PJ ® Ky

without loss of generality. Then we may also assume that 2 < deg p, <, n for all

i'■ — 1,..., k by Proposition 1.12 and Remark 1.13.

In this section, we shall consider the case when (tj + ••■ +t,) + (A(1*)

+ • ■ • + Aj*'). We may assume that rx ¥= K[*\ Then, by [1], Tj must be one of A(2*},

2A(1*) or A^*' (n = 6,7,8). We may omit the case tx = 3AX with n = 2 since

n £ deg pj > 2 (i = 1,..., k) by our assumption.

Theorem 2.1. If rx = Af£] with n = 2m (resp. 2A(1*) with any n, A(3*' with n = 1),

then

(GL(\)'   XGyX    SL(U),   (Py+    ■■■    +Pk)   ®   Ky

+ (<Jy+   ■■■   +Os)   ®  1   +   1   ®(tj   +    • • "   +T,))
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is a 2-simple P.V. of type II if and only ifr2+ • ■ ■ + t, = A(x*) + ■ ■ ■ + K\*' and

(gl(i)'~1x/yxg1,p®(Pi+ ••• +pk)

+ ((A(1*)+ ••• +K\*))-p) ® 1 + 1 ®(ox + ••• +os))

is a 2-simple P.V. of type I where (H, p) = (Sp(m), Ky) (resp. (SO(n), A,),

((G2), A2)) and I = k + s + t.

Proof. Since the generic isotropy subgroup of (GL(2m), Kf2*\ V(2m2 - m))

(resp. (GL(n), 2AV*\ V(n)), (GLC1), A<?\ F(35)) is Sp(m) (resp. O(n), (G2)) (see

p. 76 (resp. p. 75, p. 86) in [1]), we have our result.   Q.E.D.

When n = 8, we have rx =£ A3, namely, we have the following proposition.

Proposition 2.2. A triplet (GL(1)2 x G, x SL(8), p ® Kx + 1 ® A3, V(d) ®

F(8) + F(56)) with d = degp < 7, » a non-P.V.

Proof. We may assume that (Gy, p) = (SL(d), Kx) since p(G,) c SL(d). If it is

a P.V., then we have dimG = d2 + 64 > dimF = 8</ + 56 (2 < d < 7) and hence

d = 7. In this case, a castling transform (GL(1)2 X SL(8), Af + A3, F(8)* + F(56))

of this triplet is not a P.V. by [2]. Thus we have our result.   Q.E.D.

Now let us consider the case when n = 6 and tx = A3.

Lemma 2.3. Assume that (GL(1)2 X Gy X SL(6), py ® Kx + 1 ® A3) w/f/i 2 <

deg py < 5, w a P.V. Then (Gy,py) must be one of (SL(2), Kx), (SL(4), Kx),

(Sp(2), Kx) or (SL(5), Kx).

Proof. Since 2 < degpx < 5 and Gx is a simple algebraic group, (Gx, px) must be

one of the ones above or (SL(3),KX), (SL(2),2KX) = (SO(3), Kx), (SL(2),3KX),

(SL(2),4A1), or (Sp(2), A2) = (50(5), Ax). By p. 80 in [1],

(GL(1)2 X G, X SL(6), Px ® Ax + 1 ® A3)

and

(GL(1) X Gx X SL(3) X SL(3), Kx ®(px ® Kx ® 1 + px ® 1 ® Aj)

are P.V.-equivalent. When degpx = 2, then the latter is a P.V. of trivial type. When

degpx = 3, then the latter representation space can be identified with V = M(3) ffi

M(3) and f(x) = (det A) • (det Y)""1 for x = (X, Y) e V is a nonconstant absolute

invariant, and hence, it cannot be a P.V. When degpx = 4, it is P.V.-equivalent to a

castling transform (GL(1) X Gx, Kx ® (pf + pf)) of the latter space. Hence,

(Gu Px) * (SL(2), 3KX) and (Gy, px) = (Sp(2), Kx) or (SL(4), Kx) when degPl = 4.
When degp, = 5, then dimG ^ dimF in the latter space implies that dimGx $= 13

and hence (Gx,Px) # (SL(2), 4KX), (SO(5), Kx). When (Gx, px) = (SL(5), Kx), a

castling transform (GL(5) X (SL(2) X SL(2)\ Kx ® (Kx ® 1 + 1 ® Kx)) of the

latter space is a trivial P.V.   Q.E.D.

Theorem 2.4. All nonirreducible 2-simple P.V.'s of type II which contain (GL(1)2

X SL(2) X SL(6), Kx ® Kx + 1 ® A3) as their component are given by

(2.1) (GL(1)3 X SL(2) X SL(6), Kx ® Kx + 1 ® A3 + 1 ® Af)
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and

(GL(1)2 + S X SL(2) X SL(6), Kx ® Ax + (ax + • • • +as) ® 1

+ 1 ® A3) where (GL(1)S X SL(2), ox + ■■■ +as) is a sim-

(2.2) pie P.V., i.e., 0 < s < 3; s = 1, ax = Ax, 2AX, 3AX; * = 2,

ax + a2 = Aj + Ax, 2Aj + Kx;  s = 3, aj + a2 + a3 = Ax +

Aj    +   Aj.

Proof. By dimension reasons, we have k = 1, i.e., Ax ® Ax + 1 ® A3 + p2 ® Ax

(p2 # 1) is not a P.V. If Ax ® Ax + 1 ® A3 + 1 ® (tx + • • • +t,) is a P.V., then we

have t = 1 and tx = Ax or Af also by dimension reasons. The §I(6)-part of the

generic isotropy subalgebra t) of Ax ® Ax + 1 ® A3 at ((I20[I20), ex A e2 A e3 +

e4 A e5 A eb) is given by

f, = / p-°_ \\A   = (±1-?—),A2 = fdJ-C—\, A G gl(2); B,C G K2).
\\ 0  | A2y   '     \0 I  -Tr^j     2     U I  -7tA] U V '' j

Hence, the standard action of h on Kb is nonprehomogeneous since f(x) = x3x^

for x = Lx,e, g A'6 is a nonconstant absolute invariant. However, its dual action is

prehomogeneous. For example, ex + e5 is a generic point. In this case, i.e., Ax ® Ax

+ 1 ® A3 + 1 ® Af, the SL(2) part of the generic isotropy subgroup is {1}, and

hence Ax ® Ax + 1 ® A3 + 1 ® Af + a ® 1 is a non-P.V. for any o + 1. Since

(GL(1) X SL(6), Kx ® (A3 + Ax + Ax)) is a P.V. (see p. 100 in [2]), (GL(1)2 X

{/2} X SL(6), Ax®Ax + l®A3)isa P.V. and hence we obtain the latter part.

Q.E.D.

Theorem 2.5. All nonirreducible 2-simple P.V.'s of type II which contain (GL(1)2

X SL(4) X SL(6), Ax®Ax + l®A3)as their component are given by

(2.3) Ax ® Ax + 1 ® A3 + a ® 1    where a = Af, A(2*' or Af + Af,

(2.4) Ax ® Ax + 1 ® A3 + 1 ® Ax.

Proof. By the proof of Lemma 2.3, Ax ® Ax + 1 ® A3 + (ax + • • • +as) ® 1 is

a P.V. if and only if

(GL(l)1+ix SL(4), Aj ®(Af + Af) +(oj + ••• +as))

is a P.V. and hence ox + ■ ■ ■ +os is one of Af, A^*', Af + Af (see §3 in [2]). Note

that

(GL(1)2 X 5L(4), Aj ® 1 ®(Af + Af) + 1 ® Aj ® Ax, V(4)* + V(4)* + V(4))

is not a P.V. since f(x) = (xy, y) ■ (x2, y)~l for x = (xx, x2, y) g F(4)* + V(4)*

+ V(4) is a nonconstant absolute invariant. Now Aj®Aj + 1®(A3 + t2

+ • • • +t,) is a castling transform of

(GL(l)2+'xSL(2)xSL(6), Aj® Aj + 1 ®(A3 + t2* + ••• +t,*)),

by Theorem 2.4, we have t = 2 and t2 = Ax. By the reasons above and dimension

reasons, if A, ® Ax + 1 ® A3 + 1 ® Aj + (ax + • • • +as) ® 1 is a P.V., then a,

+ • ■ • + ay must be Af. Now

(GL(1)4 X SL(4) X SL(6), Aj ® Aj + 1 ® A3 + 1 ® Aj + Af ® l)
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is isotropic P.V.-equivalent to

/ » lSL(3)        0    \ \
GL(1)3 X 5L(4)X-, Ax ® Ax + 1 ® Ax + Af ® 1

\ \    0        SL(3)J I

which is castling-equivalent to

/ 3 (SL(2)        0    \ \
GL(1Y X SL(4) X-, Af ® A, + 1 ® Ax + Af ® 1  .

\. \    0     |  SL(2)J . I

Similarly as Proposition 1.12, it is P.V.-equivalent to

/ ,     (SL(2)        0     \ \
GL(1)2X   ^^-—  , Ax + Af  .

\ \    0     | SL(2)j lj

The action is given by X -» (aAx, aBy, B'A'lz, B'B^w) for X = (x, y,z,w)^ V =

K2 + K2 + K2 + K2 and g = (a, B; A, B) G GL(1)2 X SL(2) X SL(2). Since

f(X) = ('xz) ■ ('yw)'1 is a nonconstant absolute invariant, it is not a P.V. Thus

Ax ® Ax + 1 ® (A3 + Ax) + Af ® 1 is a non-P.V.   Q.E.D.

Theorem 2.6. (GL(1)3 X Sp(2) X SL(6), Ax ® Ax + 1 ® A3 + p ® p') is a P.V.

if and only if p = p' = 1.

Proof. By dimension reasons, we have degp ® p' < 4, and hence p' = 1 and

p = Ax (or 1). In this case, it is P.V.-equivalent to (GL(1)4 X 5L(4) X SL(6),

Ky ® Aj + 1 ® A3 + (A2 + Ax) ® 1), which is a non-P.V. by Theorem 2.5.   Q.E.D.

Lemma 2.7. (GL(1)3 X SL(5) X SL(6), Ax ® Ax + 1 ® A3 + A*2 ® 1 (resp. K2

® 1)) is a P.V. (resp. a non-P.V.).

Proof. First we shall prove Ax®A1 + l®A3 + AJ2®lisa P.V. By Proposi-

tion 1.33, it is P.V.-equivalent to

(Sp(2) X GL(5) x(GL(l) X SL(3) X SL(3)),

Aj    ®   Af   ®(1    ®    1    ®    1)   +   1    ®    Aj   ®(Aj    ®    Aj    ®    1    +    Aj    ®    1    ®   Aj))

and by successive transformations, we have

(Sp(2) X GL(5) X(GL(1) X SL(2) X SL(2)),

Aj    ®    Af    ®(1    ®    1     ®    1)    +    1     ®    Af    ®(Aj    ®Aj®1     +    Aj®1®    Aj))

- (Sp(2) X GL(3) x(GL(l) X SL(2) X SL(2)),

Aj    ®    Aj    ®(1    ®    1    ®    1)   +   1    ®   Aj    ®(Aj    ®   Aj    ®    1    +    Aj    ®    l    ®   Aj))

~ (Sp(2) X GL(3) X GL(1), Ky ® Aj ® 1 + 1 ® Af ®(A, + A,)).

Since Sp(l) = SL(2), similarly as Proposition 1.33, this is P.V.-equivalent to

(SL(2) X GL(3) X GL(1), Ky ® A, ® 1 + 1 ® Af ®(Aj + Ky))
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which is castling-equivalent to a trivial P.V. (GL(3) X GL(1), Ax ® (1 + Aj + Ax)).

Next we shall prove that Aj®Ax + l®A3 + A2®lisa non-P.V. By Proposition

1.33, it is P.V.-equivalent to

(Sp(2)x(GL(l) X SL(3) X SL(3)) X GL(5),

AX®1®1®1®AX + 1®AX®(AX®1 + 1® Ax) ® Ax).

From a castling transform

(Sp(2) X(GL(1) X SL(2) X SL(2)) X GL(5),

(Ky ® 1 ® 1 ® 1) ® Ax + (1 ® Ax ®(AX ® 1 + 1 ® Ax)} ® Af),

we obtain the P.V.-equivalence to

(GL(1) X Sp(2) X SL(2) X SL(2), Ax ®(AX ® Ax ® 1 + Ax ® 1 ® Ax))

by Theorems 1.14 and 1.16. However it is a non-P.V. since

(Sp(2) X GL(2) X GL(2), Ax ® Ax ® 1 + Ax ® 1 ® Ax, M(4,2) + Af(4,2))

has a nonconstant absolute invariant f(x) = det('XJX) • det('YJY) • det(A|Y)"2

for

x = (X,Y) = M(4,2) +M(4,2)   where / =-.    Q.E.D.
\-I2     0 j

Lemma  2.8.  (GL(1)4 X SL(5) X SL(6),   Ax ® Ax + 1 ® A3 + (Af + A(x*>) ® 1
(resp. (Ky + Ky) ® 1)) are P.V.'s (resp. is a non-P.V.).

Proof. First consider Ax ® Ax + 1 ® A3 + (Af + Af) ® 1. It is P.V.-equivalent

to

(GL(1)3 X SL(5) X(SL(3) X SL(3)),

Aj ®(Aj ® 1 + 1 ® Aj) +(Af + Af) ® 1 ® l).

By successive castling transformations, we get

(GL(1)3 X SL(5) X(SL(2) X SL(2)),

Af ®([Aj ® 1 + 1 ® Aj] + 1 ® 1 + 1 ® 1))

~ (GL(1)3 x(SL(2) X SL(2)), (Ky ® 1 + 1 ® Ax) + 1 ® 1 + 1 ® l),

which is P.V.-equivalent to a trivial P.V. (GL(1) X SL(2) X SL(2), Ax ® (Ax ® 1

+ 1 ® Aj)). Next consider Ax ® Ax + 1 ® A3 + (Af + Ax) ® 1. Since the GL(5)-

part of a generic isotropy subgroup of (GL(1)2 X GL(5), Af + Ax) is

j(l|iJMeCL(4),«6GL(l)),
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it is P.V.-equivalent to

(GL(4) X GL(1) X SL(3) X SL(3),

Ky   ®    1    ®(Aj    ®   1    +    1    ®   Aj)   +   1    ®   Aj   ®(Aj   ®    1    +    1    ®   Aj)),

which is castling-equivalent to a generalized direct sum

(GL(4) X GL(i) X 5L(2) X SL(2),

Ky    ®(1    ®    Aj    ®    1    +    1    ®    1    ®    AX)    +(1    ®    Aj    ®(Aj    ®    1    +    1    ®    Aj)))

of trivial P.V.'s. Finally we shall prove that (Ax ® Ax + 1 ® A3 + (Ax + Ax) ® 1)

is a non-P.V. By a castling transformation, we get

(GL(1)3 X SL(3) X SL(6), Ky ® Af + 1 ® A3 +(AX + Ax) ® l)

= (GL(1)3 X 5L(3) X SL(6), Ax ® Ax + 1 ® A3 +(AX + Ax) ® l),

which is a non-P.V. by Lemma 2.3.   Q.E.D.

Theorem 2.9. All nonreducible 2-simple P.V.'s of type II which contain (GL(1)2

X SL(5) X SL(6), Ky ® Ax -I- 1 ® A3) as their component are given by

(2.5) Ax ® Ax + 1 ® A3 + o ® 1    where a = K[*\ A*2, Af + Ax*>;

(2.6) Ax ® Ax + 1 ® A3 + 1 ® Af.

Proof. By dimension reasons, Ax®Ax + l®A3 + p®p' with p ¥= 1 and p' =£

1, is a non-P.V. Assume that Ax ® Ax + 1 ® A3 + (ax + • • • +os) ® 1 is a P.V.

Then we have 11 + s > deg(ax + ■ ■ ■ + os) ^ 5s and hence 5 = 1 or 2. By dimen-

sion reasons, we have ax = K\*\ A(2*> and ox + o2 = A(x*' + A^*'. By Lemmas 2.7

and 2.8, we have ax = K[*\ Af, and ax + a2 = Af + K\*\ Now assume that

Ax ® Ax + 1 ® (A3 + t2 + • • • +t,) (t > 2) is a P.V. It is castling-equivalent to

(GL(1)'+1 X SL(6), A3 + Af + t2 + • • • +t,) and hence, we have t = 2 and t2 =

Af. Assume that (GL(1)4 X SL(5) X SL(6), Ax ® Ax + 1 ® A3 + 1 ® Af + ax ®

1) is a P.V. Then, by dimension reasons, ax must be Ax or Af. If ax = Af, then

(GLfl)3 X SL(6), A3 + Ax + Af) must be a P.V. by Theorem 1.14, which is a

contradiction (see p. 86 in [2]). If ax = Ax, we have a castling transform (GL(1)4 X

SL(2) X SL(6), Ky ® Ax + 1 ® A3 + 1 ® Ax + Ax ® 1), which is a non-P.V. by
Theorem 2.4.    Q.E.D.

Now let us consider the case when n = 2m + 1 and tx = A'*1.

Lemma 2.10. Let G be a simple algebraic group and assume that 2 < degp, < 2m

fori = l,...,k. Then (GL(l)1+k XGx SL(2m + 1), (Pl + ■■■ +pj® Ax + 1 ®

A2)(w > 2) is a P.V. if and only if k = land(G,py)= (SL(n'), A(x*)),(Sp(w'), Ax),

(5L(2),2Ax) = (5G(3),Aj).

Proof. Put n = degpj + ■ • • + degpA. First consider the case for n ^ 2m + 1.

By (2) of Proposition 1.34, it is P.V.-equivalent to

(GL(1)1+A XGX SL(n - 1), (pf + • • • +p*k) ® A, + 1 ® A2).
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In particular, we have k + dimG > \(n2 - «). Note that (GL(1)* X G X

SL(n - 1), (pf + ••■ +p*k) ® Ax) is castling-equivalent to (GL(1)* X G, px

+ ■ ■ • +pk, V(n)). Hence, by [2], we have k = 1 and (G,py) must be one of

(SL(n), A(x*>), (Sp(m'), Ax), (SO(«), Ax). By [3] and Definition 1.10, px ® Ax + 1

® A2 is actually a P.V. if and only if (G, px) is one of (SL(n), AV0), (Sp(m'), Ax),

or (S0(3), Ax) = (SX(2),2AX). Next consider the case for n > 2m + 2. Then we

have k 3* 2 and by the discussion above,

(GL(1)3 X SL(n') X SL(2m + 1), (Ax + A(x*>) ® Ax + 1 ® A2)

(n = 2n' > 2m + 2)

must be a P.V. In particular,

1 + n'2 +(2m + l)2 > 2«'(2w + l) + m(2m + 1),

and hence (2m + 1 - w')2 ^ 2m2 + m — 1. Since 2w + 1 > n' > m + 1, we have

2m + 1 - v2w2 + w — 1 > «' > m + 1. This imphes m(m + 1) < 1 with w ^ 2,

which is a contradiction.   Q.E.D.

Lemma 2.11. Let G be a simple algebraic group and assume that 2 < degp, < 2m

for i = 1,..., k. Then

(GL(l)1 + k X G X SL(2m + 1), (px + • • • +pk) ® Ax + 1 ® A*2)       (m > 2)

is a P.V. if and only ifk = 1 and (G, px) = (SL(n'), Af*">), (SL(2),2Ky).

Proof. First assume that k = 1. By (1) of Proposition 1.34, it is P.V.-equivalent to

(GL(1) X G X Sp(m), py ® Aj) (m > 2) and hence (G,pj) = (SL(n'), Ax*>) or

(5L(2),2Aj) = (SO(3), Ky). Now assume that it is a P.V. with k > 2. Then, by (1)

of Proposition 1.34,

(GL(1)2 X G X 5>(w), (px + p2) ® Ax)

= (GL(1)2 X Gx Sp(m), py ® Ax + p2 ® Af)

must be a P.V., which is a contradiction by Proposition 1.15.   Q.E.D.

Theorem 2.12.

(GL(l)1+i+' X G X SL(2m + 1),

px ® Ax +(oy + ■■■ +os) ® 1 + 1 ®(Af, + R,.y))       (2 ^ degpx < 2m)

with R0 = 0 (resp. Ry = K[*\ t = 1,2) is a P.V. if and only if it is one of the

following:

(GL(1)2 + S  X SL(2) X SL(2m + 1),    2AX   ® Ax   + (ax

(2.7) + • • • +a,) ® 1 + 1 ® A*2) with (1) s = 0, (2) s = 1, ax =
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(GL(1)2+*  X SL(n') X SL(2m + 1),    Ax  ® Ax  + (ax

+ ■ • • +os) ® 1   +1 ® A*2) (2 < ri < 2m) with (1) s = 0,

(2) s = l, Oy = K[*\ K2 (ri = odd), 2A(X*> (ri = 2,3), 3AX

(2.8) (ri = 2), (3) 5 = 2; Oy + o2 = Ax«° + Ax*\ A2 + Af (ri =

5), Ax + 2AX (ri = 2), (4) 5 = 3; ax + a2 + a3 = Ax + Ax

+ Ax, Ax + Af + Af, Af + Af + Af, Ax + Ax + Af (ri =
even);

(GL(1)3 + S  X SL(n') X SL(2m + 1),     Ax   ® Ax   + (ax

C?Q\ + • • • +as) ® 1 + 1 ® (A* + AV0)) (2 < ri < 2m) with (1)
{     ' s = 0,(2)s = l; Oy = K[*\ 2Ky (ri = 2), (3) s = 2; ax + a2

= (Ax + A!)**', Ax + Af (ri = even).

Proof. Similarly as the proof of Lemma 2.11, we have our results.   Q.E.D.

Theorem 2.13. Let us consider

(GL(1)2+S X G X SL(2m + 1), px ® Ax +(ax + • • • +as) ® 1 + 1 ® A2)

(2 < degpx < 2m).

If (G, Py) = (SL(2ri + 1), Ax), then it is a P.V. if and only if
(GL(1)1+S X SL(2ri + 1),  A* + ax + • • • +as) is a simple

(2.10)        P.V, i.e., 0 < s < 3; s = 1, ax = A*2, A(x*), 2A(X*' («' = 1);

s = 2, oy + o2 = A* + Ax (ri = 2), A(x*> + A(x*»; s = 3, ax +

a2 + a3 = (Ax + Ax + A^^^ Ax + Ax + Af.

ti nl        ^ (^>Pi) = (Sp(m'), Ax), r/ien ;7 « a F.F. // a«J o«/v ;/

^       '        5 = 0; or 5 = 1, m' = 2, aj = Aj, A2.

(2 12)        7^ (G'pi)= (^(2)»2Ai),  then it is a P.V.  if and only if
s = 0; or s = 1, Oy — Ky.

Proof. By (2) of Proposition 1.34, it is P.V.-equivalent to

(GL(l)2+i X G X SL(degpj - 1), pf ® Ax +(ox + • • • +os) ® 1 + 1 ® A2).

For (2.10), it is P.V.-equivalent to

(GL(l)1+i X SL(2ri + 1) X Sp(ri),K*y ® Ax +(ax + • • • +os) ® l).

By Proposition 1.33, it is P.V.-equivalent to (GL(1)1+S X SL(2ri + 1), A*2 + ax

+ • • ■ +os). For (2.11), we have our result by Theorem 2.24 in [3]. For (2.12), since

(GL(1) X SL(2), Ky ® A2) = (GL(1), Ax), it is P.V.-equivalent to

(GL(1)1+S X SL(2) X SL(2), 2Ky ® Ax +(ax + • • • +os) ® l),

which is castling-equivalent to a simple case and we obtain our result.   Q.E.D.

Lemma 2.14. (1)

(GL(1)4 X 5L(2«') X SL(2m + 1), Ax ® Ax + 1 ® A2 +(AX + Af) ® l)

is a P. V.

(2)

(GL(1)5 X SL(2ri) X SL(2m + 1), Ax ® Ax + 1 ® A2 +(AX + Af + Af) ® l)

is a non-P. V.
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Proof. By (2) of Proposition 1.34, (1) is P.V.-equivalent to

(GL(1)4 X SL(2ri) X SL(2ri - 1), Af ®(AX + 1) + Ax ® 1 + 1 ® A2).

By Proposition 1.12, it is P.V.-equivalent to a simple P.V. (GL(1)2 X SL(2ri - 1),

A2 + Ax). Assume that (2) is a P.V. Then, by Theorem 1.14, (GL(l)5 X SL(2m + 1),

(Ax + l)®(l + l) + A2) must be a P.V. This implies the prehomogeneity of the

triplet

(GL(1) X GL(1) X SL(2m + 1), Ax ® 1 ® A2 + 1 ® Ax ®(AX + KX),V)

where

F= {(A; v,z)|'A = -Ae M(2m + 1), y, z & K2m + 1).

However a rational function f(x) = /j(x)/2(x)~x is a nonconstant absolute in-

variant where

which is a contradiction.   Q.E.D.

Lemma 2.15. (1)

(GL(1)5 X SL(2ri) X SL(2m + 1), Ax ® Aj + 1 ® A2 +(A, + Ax + Ax) ® l)

is a non-P.V. (resp. P.V.) if ri — 1 (resp. 2 < ri < m).

(2)

(GL(1)6 X SL(2ri) X SL(2m + 1),

Ky ® Ax + 1 ® A2 +(AX + Aj + Ax + A2) ® l)

is a non-P. V.

Proof. By (2) of Proposition 1.34, (1) (resp. (2)) is P. V.-equivalent to

(GL(1)5 (resp. GL(1)6) X SL(2ri) X SL(2ri - 1),

Af ® Ax + 1 ® A2 +(Aj + Aj + Aj) ® 1 (resp. (Aj + Aj + Aj + Aj) ® 1)).

If ri = 1, it is P.V.-equivalent to

(GL(1)4 (resp. GL(1)5) X SL(2),

A, + A, + A, + A, (resp. Aj + Ax + Aj + Aj + Aj)),

which is a non-P.V. by dimension reasons. If ri > 2, by Theorems 1.14 and 1.16 it is

P.V.-equivalent to

(GL(1)4 (resp. GL(1)5) X SL(2ri - 1),

A2 + A, + A, + Aj (resp. A2 + Aj + A, + A, + A,)),

which is a P.V. (resp. a non-P.V.) by Theorem 1.3 in [3].    Q.E.D.
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Theorem 2.16.

(GL(1)2+S X SL(2ri) X SL(2m + 1), Ax ® A, + 1 ® A2 +(ax + • ■ • +os) ® l)

(1 < ri < m,s > 1)

is a P.V. if and only ifs = 0 or it is one of the following cases.

(2.13) s -i 1; ax - Ax*>, A<2*> (2 < «' < m), 2AX*>       (»' = 1,2),

(2.14) 5 = 2; oy + a2 = Ax*> + Ax*\ A2 + Ax*>       (ri = 2),

(2.15) 5 = 3; ax + a2 + a3 = (Ax + Ax + Ky)M       (2 < ri < »).

Proof. First consider the case when ax + • • • -t-a, =£ AV° + ■ ■ • +K(1*). We may

assume that ax =£ AV0. By (2) of Proposition 1.34, it is P.V.-equivalent to

(GL(1)2+JX SL(2ri) X SL(2ri - 1), Af ® Ax + 1 ® A2+(ax + ■•• +os) ® l).

Hence if ri = 1, we have 5 = 1 and ax = 2AX by Theorem 1.3 in [3]. Now assume

that ri > 2. If ay = 2AV°, then

(GL(l)1+iX SO(2ri) XSL(2ri - 1), Ax ® Ax + 1 ® A2+(a2+ ••• +as) ® l)

must be a P.V. By Theorem 2.5 in [3], it is a non-P.V. for ri > 3. If ri = 2, we have

5 = 1 by dimension reason. If ax = A^** (ri = 3,4), it is a non-P.V. by Proposition

2.2 and Lemma 2.7. If ax = A(2*', then

(GL(1)1+JX Sp(n') XSL(2m + 1), Ax ® Ax + 1 ® A2+(a2+ ••• +aj ® l)

must be a P.V. By (2.11) in Theorem 2.13, we have s = 1, or s = 2, ri = 2,

o2 = AV°, A2. However o2 * K2 since (GL(1)2 X SL(2ri), A(2*> + A(2*') is a non-

P.V. Finally consider the case when ax + • • ■ +os = Ax*° + • • • 4-A^. By Lemmas

2.14 and 2.15 and Proposition 1.37, we obtain our result.   Q.E.D.

Theorem 2.17.

(GL(1)3 + 5 X GX SL(2m + l),px ® Ax +(ax + • • • +os) ® 1 + 1 ®(A2 + Aj))

(2 < degpj < 2m)

is a P.V. ifandonlyif(G,py)= (SL(n'), Ky) and (GL(1)2 + S X SL(ri), K2 + Ax +

a, + - • • +ct,) is a simple P.V., i.e., 0 < 5 < 2; 5=1, ct: = K[*\ 2AX (ri = 2);

s = 2, ctx + a2 = A(j*' + Aj*1 except Ky + Af forri = odd.

Proof. By (2) of Proposition 1.34, it is P.V.-equivalent to

(GL(l)3+'x Gx SL(«'),pf ® A, + 1 ®(Aj + A2) +(ctj + • • • +ct,) ® l)

with ri = degpj. When (G,pj) = (SL(n'), Ky), it is P.V.-equivalent to (GL(l)2+i

X SL(n'), A2 + Aj + CTj + ••• +as) by Proposition 1.12. If (G,p,) = (Sp(m'),Ky)

or (5L(2),2Aj). then (GL(1)3 X G X SL(n'), pf ® Ax + 1 ® (Ax + A2)) (ri =

2m' or ri = 3) is a non-P.V. Actually by Proposition 13 (resp. Proposition 14) in §2

in [1], it is P.V.-equivalent to (GL(1)3 X SL(2m'\ K2 + K2 + Kx) (resp. (GL(1)3 X

SL(3), 2A, + Aj + Af)) which is a non-P.V. by [2].   Q.E.D.
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Lemma 2.18. (1)

(GL(1)5 X SL(2ri) X SL(2m + l), Ax ® Ax +(AX + Ax) ® 1 + 1 ®(A2 + Af))

is a P.V. for 2 < ri < m.

(2)

(GL(1)4 X SL(2ri) X SL(2m + 1), Ax ® Ax + Af ® 1 + 1 ®(A2 + Af))

is a P.V. for 1 < ri < m.

Proof. (1) is castling-equivalent to

(GL(1)5 X SL(2m + 3- 2ri) X SL(2m + 1),

(Ax + 1) ® Ax + 1 ® Af, +(AX + Ax) ® l).

Since (2m + 3 - 2ri) + 1 < 2m, by (1) of Proposition 1.34, it is P.V.-equivalent to

(GL(1)4 X 5L(2m + 3 - 2ri) X Sp(m), Ax ® Ax +(AX + Ax) ® 1 + 1 ® Ax),

which is a P.V. by (2.78) in [3]. By the same method as the proof of Lemma 2.20, one

can easily check that (2) is P.V.-equivalent to (GL(1)2 X SL(2ri - 1) X Sp(m),

Ky ® Ax + 1 ® Ax), which is actually a P.V. by (2.76) in [3].   Q.E.D.

Theorem 2.19.

(GL(1)3+J X GX SL(2m + 1),

Py ® Ax +(ctx + ••• +os) ® 1 + 1 ®(A2 + Af))       (2 < degpx < 2m)

is a P.V. if and only if it is one of the following:

(GL(1)2 + S  X SL(n') X SL(2m + 1),    Ax   ® Ax   + (ctx

+ ■ • • +os) ® 1 + 1 ® (A2 + Af)) (2 < ri < 2m)    with (1)

(2.16) 5 = 0, (2) 5 = 1; ax = AV°; ax = A2 (ri = 4); ctx = A*2

(ri = 5), (3) 5 = 2; ctx + a2 = Ax + Ax (ri > 3); ctx + ct2 =

Ax + Af (ri = odd);

(2.17) (GL(1)3 X Sp(2) X SL(2m + 1), Ax ® Ax + 1 ®(A2 + A*)).

Proof. First assume that ri = odd. By Proposition 1.36, it is P.V.-equivalent to

(GL(1)2+S X G, K2(py)* + Pl + Oy+ ■■■ +os). By Theorem 1.3 in [3], it is a P.V.

if and only if (G, px, ctx, ..., a,) = (SL(n'), Ax), (SL(ri), Ax, A\*>), (SL(n'),

Ky, K\*\ Ky), or (SL(5), Ax, A*2). By this result for (SL(5), Ax, A*2) and by Proposi-

tion 1.33,

(GL(1)4 X Sp(2) X SL(2m + 1) X SL(5),

1 ®(A2 + Af) ® 1 +(1 ® Ax) ® Ax +(AX ® 1) ® Af)
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is a P.V. Hence by Theorem 1.14, (2.17) is a P.V. Hence (2.16) for ox = A2, ri = 4 is

also a P.V. Next assume that ri = even. By Proposition 1.35,

(GL(1)3+* X G X SL(2m + 1), px ® Ax +(px + ctx + • • ■ +os) ® 1 + 1 ® A2)

must be a P.V. Hence, by Lemma 2.10 and Theorems 2.13 and 2.16, we have (2.16)

and (2.17). By Lemma 2.18, (2.16) for ctx = A(x*', or ctx + a2 = Ax + Ax (ri > 4) is

actually a P.V.   Q.E.D.

Lemma 2.20. Ifn = odd or n = 2, then

(GL(1)5 X SL(n) X SL(2m + 1),

Af ® 1 + Ax ® Ax + 1 ® A2 + 1 ® AV° + 1 ® AV°)

is a non-P. V.

Proof. Since a generic isotropy subalgebra of (GL(n), Af) ((GL(2m + 1), A2),

respectively) is

{(*\±):A ,„,.-.,}    («,.{(^);m,..)})

and

y(^)+(^)(^)+im)l'h\l\
loTTj   \TrT/\oTT/   \<JTT/^2| b)

lyX + AyX+X'Bx A2       \

\ % y + a + B J
where A is a generic point of

(GL(1) X SL(n - 1) X Sp(m), Ky ® Ax, M(n - 1,2m)),

it is P.V.-equivalent to

■^•MfrSRffJ)"
i.e.,

a^b^A ® B + b±B + b±B        (A g GL(n - 1), B G Sp(m)).

By Lemma 2.20 in [3], it is a non-P.V. if n - 1 = even, i.e., n = odd. If n = 2, then

it is a-V1^ + 0*5 + 0*5 (5 g Sp(m)) which is a non-P.V. because of the

dependence of scalar multiplications (see p. 100 in [2]).    Q.E.D.

Lemma 2.21. Assume that

(GL(1)*+S X G X SL(2m + 1),

Py ® Ax +(ctx + ••■ +as) ® 1 + 1 ®(A2 + Ajy*^ 1 ® Afy*))

is a P.V. Then we have (G, px) = (SL(m'), Ky). Moreover if s > 1 and ox # 1, then

we have 5 = 1 and ctx = Ax*'.
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Proof. Since (GL(1)2 X SL(2m + 1), A2 + Ax) is a regular P.V., we may only

consider the case for px ® Ax + (ctx + • • - +os) ® 1 + 1 ® Af, + 1 ® Af + 1 ®

AV° by Remark 1.32. By Proposition 1.33, px ® Ax + (ctx + • • • +os) ® 1 + 1 ®

Af, + 1 ® Af + 1 ® Ax is P.V.-equivalent to

(GL(1)4+* X GX SL(2m + 1) X Sp(m),

(oy + ■■■ +os) ® 1 ® 1 +(px + 1) ® Ax ® 1 + 1 ® Af ®(AX + 1)).

By Theorem 1.14

(GL(1)3+I X GX Sp(m), (oy + ■ ■ ■ +os + px) ® 1 + py ® Ax + 1 ® Ax)

must be a P.V. Then, by Theorem 2.5 in [3] and Lemma 2.11, we have (G, px) =

(SL(m'), AV°). Now assume that 5 > 1 and ax # 1. By (2.75) and (2.78) in [3], we

have 5 = 1, ctx = AV°, and we may assume (G, px) = (SL(m'), Ax). Similarly, if

Pi ® Aj + (ctj + • • • +os) ® 1 + 1 ® (Af, + Af + Af) is a P.V., then

(GL(1)3+J    X    GX    Sp(m),Py    ®    Aj    +(Oy    +     ■■■     +Os   +    Py    +    P y)    ®    l)

must be a P.V., and we have our result.   Q.E.D.

Lemma 2.22. (1)

(GL(L)4 X SL(m') X SL(2m + 1), Ax ® Ax + 1 ®(A2 + Aj)'*' + 1 ® Ax)

is a P.V. if and only if m' = odd.

(2)

(GL(1)4 X SL(m') X SL(2m + 1), Kx ® Ax + 1 ®(A2 + Ax)(*' + 1 ® Af)

is a P.V. if and only ifm' = even.

Proof. Note that Ax ® Ax + 1 ® (A2 + Ax) + 1 ® A'j*' is reductive P.V.-equiv-

alent to Aj ® Aj + 1 ® (Af, + Af) + 1 ® Aj*'. First assume that m' < 2m - 1.

Then, by (2) of Proposition 1.34, Aj ® Aj + 1 ® (A2 + Ax) + 1 ® Aj is P.V.-

equivalent to

(GL(1)4 X SL(m') X SL(m' + l),Af ® Ax + 1 ® (A2 + Ax + Ax)),

which is castling-equivalent to (GL(1)4 X SL(m' + 1), A2 + Af + Ax + Ax). By

[2], it is a P.V. if and only if m' + 1 = even, i.e., m' = odd. In the case of m' = 2m,

Aj ® Aj + 1 ® (A2 + Aj) + 1 ® Aj is castling-equivalent to

(GL(1)4 X SL(2m + 1), Af + A2 + Aj + Ky),

which is a non-P.V. by [2]. For (2), Ax ® Ax + 1 ® (A2 + Ax)* + 1 ® Af is

castling-equivalent to

(GL(1)4 X SL(2m + 1 - m') X SL(2m + 1), Ax ® Af + 1 ® (A* + Af + Af))

=   Aj    ®    Aj    +    1    ®(A2   +    Aj)   +   1    ®   Aj,

and it reduces to the case (1). Hence it is a P.V. if and only if 2m + 1 - m' = odd,

i.e., m' = even.    Q.E.D.
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Theorem 2.23.

(GL(1)4+S X GX SL(2m + l), px ® Ax +(ctx + •■• +os) ® 1

+ 1 ®(A2 + Ax)(*' + 1 ® AV°)

(2 < degpx < 2m)

is a P. V. if and only if it is one of the following.

.      ,        (GL(1)4 X SL(2ri + 1) X SL(2m + 1),    Ax ® Ax + 1 ®
^       '        (K2 + Ky)'m) + 1 ® Ax) (1 < ri < m - 1)

,       ,       (GL(1)4  X SL(2ri) X SL(2m + 1),    Ax  ® Ax  + 1 ®

^       '        (A2 +Ax)(*> + 1 ® Af) (1 <«'<m)

Proof. By Lemma 2.20,

(GL(1)5 X SL(2ri + 1) X 5L(2m + 1),

Af   ®    1    +   Aj   ®   Aj   +    1    ®(A2   +   Aj)   +   1    ®   Aj)

is a non-P.V. and hence so is

Af   ®   1    +   Aj   ®   Aj    +    1    ®(A2   +   Aj)*   +    1    ®   Aj.

Now

(GL(1)5 X SL(2ri + 1) X 5L(2m + 1),

Aj    ®    1    +    Aj    ®    Aj    +    1    ®(A2   +    Ky^   +    1    ®    Aj)

is castling-equivalent to

(GL(1)5 X SL(2m - 2ri + 1) X SL(2m + 1),

Aj    ®    1    +    Aj    ®    Af    +    1    ®(A2    +    Aj)(*'   +   1    ®    Aj)

=    Aj    ®    1    +    Aj    ®    Aj    +    1    ®(A2    +    Aj)^'   +    1    ®    Af

which is a non-P.V. by (2) of Lemma 2.22. Now

(GL(1)5 X SL(2ri) X SL(2m + 1),

Aj ® 1 + Aj ® Ax + 1 ®(A2 + Kyf*'' + 1 ® Af)

is castling-equivalent to

(GL(1)4 X 5L(2m - 2ri + 2) X SL(2m + 1),

Ax ® 1 + Ax ® Ax + 1 ®(A2 + Ax)u> + 1 ® Aj)

which is a non-P.V. by (1) of Lemma 2.22. If

(GL(1)5 X SL(2ri) X SL(2m + 1),

Af   ®    1    +   Aj   ®   Aj   +    1    ®(A2   +   Aj)'*'   +   1    ®   Af)

is a P.V., then by Theorem 1.14, (GL(1)4 X SL(2m + 1), Aj + (A2 + Aj)(*» + Af)

must be a P.V., which is a contradiction. Thus, together with Lemmas 2.21 and 2.22,

we have our result.    Q.E.D.
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Theorem 2.24. All 2-simple P.V.'s of type II which contain

(GL(1)4 X Gx SL(2m + l), px ® Aj + 1 ®(A*2 + Aj + Ax))

(2 < degpj < 2m)

as a component are given by

(2.20) (GL(1)4 X SL(2n + 1) X SL(2m + 1),

Aj   ®   Aj   +    1    ®(A*2   +   Aj   +   Aj)),

(2.21) (GL(1)4X SL(2m)xSL(2m + l),

Aj   ®   Aj    +    1    ®(Af,   +   Aj    +   Aj)).

Proof. First assume that degpj < 2m - 1. Then it is P.V.-equivalent to

(GL(1)3+J X G X Sp(m), pj ® Aj + (ctj + • • • +cts) ® 1 + 1 ® (Aj + Ax)) by (1)

of Proposition 1.34. Since this is of type I, we have (2.20) by [3]. Next assume that

degpj = 2m. Then we have (G,pj) = (SL(2m), AV°) by Lemma 2.11. Clearly

(2.21) is castling-equivalent to a regular simple P.V. (GL(1)4 X SL(2m + 1), Af, +

Aj + Aj + Af). We shall show that

(GL(1)4+S X SL(2m) X SL(2m + 1),

(<Tj   +     •••    +CTj   ®   1    +   Aj*'®   Aj   +    1    ®(Af,   +   Aj   +   Aj))

(s>  l,CTj  *  1)

is a non-P.V. If it is a P.V., by (1) of Proposition 1.34,

(gL(1)3 + 1 X SL(2m) X Sp(m),

(dj    +     ••   •     +CTJ'*'   ®    1     +    Aj    ®    Aj    +    1    ®(Aj    +    Aj))

must be a P.V., which is P.V.-equivalent to (GL(1)2+J X Sp(m), ox + ■ ■ ■ +as+ Ky

+ Ky) by Proposition 1.12. Hence we have s = 1, <Xj = AV° by [2]. Since the case

Ctj = Aj and the case (jj = Af are reductive P.V.-equivalent (see Remark 1.32), we

assume that ct: = Aj. Then it is castling-equivalent to

(GL(1)5 X SL(2) X SL(2m + 1), Kx ® 1 + Ax ® Af + 1 ®(A*2 + Ax + Ax))

= Af ® 1 + A, ® Aj + 1 ®(A2 + Af + Af),

which is a non-P.V. by Lemma 2.20. Thus we have a contradiction.   Q.E.D.

Theorem 2.25.

(GL(1)4+S X G X SL(2m + 1),

Pi ® Aj +(ct, + ••• +ctJ ® 1 + 1 ®(A2 + Af + Af))        (2 < degp, < 2m)

is a P. V. if and only if it is

(2.22) (CL(1)4 X SL(2ri) X SL(2m + 1),A, ® A, + 1 ®(A2 + Af + Af)).
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Proof. First note that

(GL(1)4 X SL(m') X SL(2m + 1), Ax ® Ax + 1 ® (A2 + Af + Af))

(2 < m' < 2m)

is a P.V. if and only if m' = even since it is castling-equivalent to

(GL(1)4 X 5L(2m + 1 - m') X SL(2m + 1), Aj ® Aj + 1 ®(A*2 + Aj + Ax))

(see Theorem 2.24). In particular, degpj must be even. Hence by Proposition 1.35

and Theorem 2.19, we have (G, pj) = (SL(2ri), Ky) and 5 = 0; 5 = 1, CTj = Aj.

However

(GL(1)5 X SL(2ri) X SL(2m + 1), Ax ® Ax + Ax ® 1 + 1 ®(A2 + Af + Af))

is castling-equivalent to

(GL(1)5 X SL(2m + 2 - 2ri) X SL(2m + 1),

Aj   ®   Aj   +   Aj   ®    1    +    1    ® ( Af,   +   Aj    +   Aj)),

which is a non-P.V. by Theorem 2.24. Thus 5 = 0 and we obtain our result.    Q.E.D.

Proposition 2.26.

(GL(1)5 X G X SL(2m + 1), px ® Ax + 1 ®(A**1 + AV° + AV° + AV0))

(1 < ri = degpx < 2m)

is a non-P. V.

Proof. Without loss of generality, we may assume that (G, px) = (SL(n'), Ax). If

ri = 1 or ri = 2m, it is P.V.-equivalent to

(GZ.(1)5 X SL(2m + 1), A<2*> + Ax*» + A(x*» + Ax*' + AV0),

which is a non-P.V. by [2]. Therefore, by a castling transformation if necessary, it is

enough to consider the Ax ® Aj + 1 ® Af, + 1 ® T with 1 Sri S 2m, T = AV°+

AV° + A*!*'. First assume that T = Ax + Ax + Ax. By (1) of Proposition 1.34,

(GL(1)4 X SL(n') X Sp(m), Ky ® Ax + 1 ® T) must be a P.V., which is a con-

tradiction by Lemma 2.20 and 2.22 in [3]. Next assume that T = Af + AV° + A\*\

Since the generic isotropy subgroup of (GL(1)2 X 5L(2m + 1), Af, + Af) is GL(1)

X Sp(m) (see p. 95 in [2]), it is isotropic P.V.-equivalent to

(GL(1)4 X SL(n') X Sp(m), Ky ®(AX + 1) + 1 ®(A, + 1) + 1 ®(Ax + 1)).

Hence if it is a P.V., then

(GL(1)4 X SL(ri) X Sp(m), Kx ® Kx + Kx ® 1 + 1 ® Kx + I ® Kx)

must be a P.V., which is a contradiction by Lemma 2.23 in [3].   Q.E.D.
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Theorem 2.27.

(GL(1)3+'X GX SL(2m + 1), px ® Ax +(ctx + • • • +os) ® 1

+ 1 ®(A2 + A;,)'*'    (or +1 ® Ax*} whenm = 2))

(2 < degp j < 2m, m > 2) is a P.V. if and only if it is one of the following.

(2.23) (GL(1)3 X SL(2) X SL(5), Ky ® Ax + 1 ® A* + 1 ® A*).

(2.24) (GL(1)3 X SL(3) X SL(5), Ky ® Ax + 1 ® A2 + 1 ® A2).

(2.25) (GL(1)3 X SL(4) X SL(5), Ax ® Ax + 1 ® A2 + 1 ® A2).

Here (2.23) and (2.24) are castling-equivalent and they are regular P. V.'s.

Proof. First consider the case when (G, px) = (SL(n'), Ky). If

(GL(1)3 X SL(n') X SL(2m + 1), Ky ® Ax + 1 ®(A2 + A2)(#))

is a P.V., then we have 2m < ri + 2/(ri — 1) by dimension reasons. Hence, if

ri > 4, we have 2m < ri (< 2m), i.e., ri = 2m. Thus it is castling-equivalent to

(GL(1)3 X SL(2m + 1), Af + (A2 + A;,/*0) which is a P.V. only when it is

(GL(1)3 X SL(5), Af + A2 + A2) by Theorem 1.3 in [3], and we obtain (2.25). If

(GL(1)5 X 5L(4) X SL(5), Ax ® Ax + 1 ®(A2 + A2) + o ® 1 + 1 ® t)

is a P.V., we have ct = t = 1 by dimension reasons. If ri = 2 or 3, similarly we have

(2 <) m < 2, i.e., m = 2. We shall show that (GL(1)3 X SL(2) X SL(5), Aj ® Aj

+ 1 ® (A2 + A2)) is a non-P.V. Let

-Mm)))
be the generic isotropy subalgebra of (GL(1)2 X SL(5), A2 + A2) stated in the

proof of Proposition 1.1 in [3]. Then it is P.V.-equivalent to

(X\Y)^ B(X\Y) +B(X[Y) +(X'Ay + Y'.42|Y',43)

where B G § [(2), A G M(2), Y g M(2,3). If it is a P.V., then

(Al \

y -* BY + BY + Y'A3 = BY + Y X2 (B G §1(2)),

with Xy = B + Ey + e2, X2 = B + 2e2, X3 = B + 2ex, must be a P.V. However, since

Xy, X2, X3 are not independent (2XX = X2 + X3), it is a non-P.V. Since

[Ay A2\
x -> Bx + Bx - x-(xeM(2,5))

is a P.V. with a generic point

= /l     0     1     0    0\
X°     \0     1     1     0    0/'



P.V.-EQUIVALENCES 465

(GL(1)3 X SL(2) X SL(5), Ax ® Af + 1 ® A2 + 1 ® A2) is a P.V., i.e., (2.23). By

a castling transformation,

(GL(1)3 X SL(3) XSL(5),

Aj ® Aj + 1 ®(A2 + A2) (resp. Ax ® Aj + 1 ®(Af, + Af,)))

is a P.V. (resp. a non-P.V.). Since the generic isotropy subalgebras of (2.23) and

(2.24) are (0), they are regular and maximal. We say that a P.V. (H,p,V) is

maximal when (GL(1) X H, 1 ® p + Aj ® p') is a non-P.V. for any nontrivial

irreducible representation p' of H. Now assume that (G, pj) ¥= (SL(n), AV°). Since

Pi(G) c SL(ri), it must be of the form

(GL(1)3 x G x SL(5), pj ® Aj + 1 ®(A2 + A2)(*))

with 2 < degp! < 4. Hence (G,px) must be one of (5L(2),2Ai), (Sp(2),Kx).

However, in this case, it is a non-P.V. by dimension reasons.   Q.E.D.

3. The case for (G; px,..., pk; ox,..., os) * (SL(m); Kx,..., Ax; Ay°,..., AV°)

with (tj, ..., t,) = (AV°,..., Aj*'). In this section, we shall classify 2-simple P.V.'s

of type

(GL(l)k+s+,XGxSL(n),

t

(pj + • • • +pk) ® Aj +(ctj + • • • +irs) ® 1 + 1 ® (AV° +^~^+Ax*)))

with 2 < degp, < n (i = 1,..., k) where

(G; Pl,...,pk; CTj,...,ctJ * (SL(m); AX,...,AX; Ax*\..., A\*>).

From now on, we shall deal with two cases separately.

3.1. The case for n s I?=idegp,.

Lemma 3.1. Assume that the group G is simple and 2 ^ degpx < ri and degp2 ^ ri.

Then (GL(1)2 X G X SL(ri), px ® Kx + p2 ® Aj) is a non-P.V.

Proof. Since G is simple, we have (degpx)2 — 1 > dimG. If it is a P.V., then we

have dimG + ri2 + 1 > (degp: + degp2)«' ;> (degpi)w' + n'2, and hence degpj ^

ri, which is a contradiction.    Q.E.D.

Proposition 3.2. Assume that (GL(l)k X G X SL(n), (px+ ■■■ +pk)® Ax)

with 2 < degp, S n S ^f-idegp, (/ = 1,...,k) is a P.V. Put ri = Ef=xdegp, - n.
Then we have deg p,: ;> ri for i = 1,..., k.

Proof. We shall prove by induction on k. When k = 2, it is obvious. Assume that

k > 3 and the proposition holds for Ac — 1. If degp, ^ ri for some i, then we have

degp^ri for all j=\,...,k by Proposition 1.12 and Lemma 3.1. Since

ZkZy deg Pi > If"/degp, + (degp* -«) = «',

(GL(l)^1 X G X SL(n'), (pf + • • • +p*k_x) ® Ax)
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satisfies the condition of the proposition for k — 1. By the assumption of the

induction, we have degp, ;> E*~jdegp- — ri = n — degp* for / = 1,...,k — 1.

Thus we have degp* £ n - d where d = min{degpj,.. . ,degp*_j}. Hence

k +(d2 - 1) +(ri - l)>k + dimG + «2- 1

> (degpj + • • • +degp*_x + degpjw

> ((Jt- \)d + (n-d))n

= (k- 2)dn + n2,

i.e., k + d2 - 2 ^ (k - 2) dn ;> (k - 2)d2. Since they are integers, we have k + d2

-2>(k- 2)d2 + 2, i.e., 0 > (k - 3)d2 - k + 4 > 3k - 8 > 1 (k > 3), which is

a contradiction.   Q.E.D.

Lemma 3.3.  Assume that k ^ 2, degp, £ ri > 2 for i = 1,...,k, and (G;  py

+ ---+P*; Oy+ ■■■ +os)±(SL(m); (Ax + • • • + Ax)(*»; AV° + • • • +AV°).
Then

(GL(l)k+s X Gx SL(ri),(py + ■■■ +Pk)® Ky +(ctx + ••• +os) ® l)

is a P. V. if and only if it is

(GL(1)2 X SL(4) X SL(2), (A2 + Ax) ® Ax).

Proof. If (G,py+ ■■■ +pk) * (SL(m), Ax*> + • • • + AV°), it is a 2-simple P.V.

of type I with k > 2. Hence by §2 in [3], it is (GL(1)2 X SL(4) X SL(2), (K2 + Kx)

® Aj) (see (2.60) in [3]). If (G, px + • • • +pk) = (SL(m), AV° + • • • +K\*)), it is a

non-P.V. except (G,Pj + • • • +pk) = (SL(m),(Kx + ■■■ +AX)(*») by Proposition

1.15. In this case, we have CTj + • • • +os =t Kfx*} + ■ ■ ■ + K\*) by our assumption.

Such cases are dealt with in §2, and they are non-P.V.'s when k > 2.    Q.E.D.

Theorem 3.4.

(GL(T)k + s X GX SL(n), (Pl + ■ ■ ■ +pk) ® Aj +(ctx + • • • +os) ® l)

/ k \
2 < degp,s n $ £ degpj for i = 1,. ..,k\

\ 7 = 1 /

is a P. V. if and only if it is one of the following.

(3.1) (GL(1)2 X SL(4) X 5L(8), (A2 + Ax) ® Ax).
(3.2) n = Ef.jdegp, - 1 and (GL(\)k+s X G, pf + • • • +p*k + ox + • • ■ +o,) is

a simple P. V.

Proof. It is castling-equivalent to

(GL(1)* + VX GX SL(ri),(P*y + ••• +pj)® A, +(ct, + ••• +o,)® l)

where ri = E*_idegp7 - n. If ri = 1, we have the case (3.2). If ri 3j 2, then by

Proposition 3.2, it satisfies the condition of Lemma 3.3, and we have (3.1).    Q.E.D.
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Proposition 3.5.

(GL(l)k+s+1xGxSL(n),

(Py+    ■■■    +Pk)   ®   Aj    +(CTj   +    •   •   •    +(jj   ®   1    +    1    ®   Aj) ( k   >   2)

is a non-P. V. for n <; Y.k = y deg p ■.

Proof. In the case of (3.1), (GL(1)3 x SL(4) x 5L(8), (A2 + Aj) ® Ax + 1 ®

Aj) is a non-P.V. by dimension reasons. In the case of (3.2), it is castling-equivalent

to

(GL(l)k+s+1xGxSL(2),

(pf    +    •••    +pf)   ®   Aj   +(CTj    +    •••    +Os)   ®   1    +    1    ®   Aj).

If degp, = 2 for some i, it is a non-P.V. by Lemma 1.11 since k > 2. If degp, £: 2

for i = 1,..., k, the possibility is (GL(1)3 X SL(4) X SL(2), (K2 + Ax) ® Ax + 1

® Ax) by Lemma 3.3. However it is a non-P.V. by dimension reasons.   Q.E.D.

Our next aim is to show that

(GL(l)k+s + 1XGxSL(n),

(Py+    ■■■    +Pk)   ®   Ky    +(Oy   +    •■■    +Os)   ®   1    +    1    ®   Af)

\k>2;  £ degp,> n\

is a non-P.V.

Lemma 3.6.  Let G be a subgroup of GL(n) and define a polynomial map \p:

M(n,n - 1)^ V(n) = K" by i>(Y)=,(yx,..., y„) where Y ='( vx, y2,..., v„) and

% = (-l)' + 1det(yx • ■ ■ y, ■ • ■ y„)   for   i = 1,..., n.   Then   we   have   ^i(gY'h) =

(detg)'g"1 ■xP(Y)forall(g,h)^ GX SL(n - 1) and Y G M(n, n - 1).

Proof. It is enough and easy to check when g = aln,

1 \

« [1

and "A Q.E.D.

a"1 I lj

I,
Lemma 3.7. For A: ̂  2,

(GL(1)A + 1 X SL(m) XSL(km- 1), (A(x*'+ ••• +AV°) ® Ax + 1 ® Af)

is a non-P. V.

Proof. We identify the space V with ((Xy,..., Xk; v) | A, g M(m, Arm - 1) for

i = 1,.. ., k; v e Kkm~1}. Then the action is given by x -> (axAxXx'B,

...,akAkXk'B; B'B-1y)iorx = (Xx,...,Xk; y) e Fand g = (ax.ak,B; A, B)

G GL(1)* + 1 X SL(m) X SL(km - 1) where A, stands for A (resp. 'A'1) when the

ith part of (A'i*' + • • • + AV°) ® Ax + 1 ® Af stands for Ax ® Ai (resp. Af ® A:)
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for j = 1,..., k. Put

[Xy\ [Xy\

:    -+   :

KK)       \xkj

where \p is the map defined in Lemma 3.6. Then, by Lemma 3.6, we have

al "2

(Xyy)^ayBAy(Xyy)    and    (X2y) ^ a2BA2(X2y).

Hence F(x) = '(A2 v)A2/'( Ax v)Ax is an absolute invariant. We shall see that F(x)

is nonconstant for k ^ 3. Put x( v)■= (Ax°,..., A*0; v) where

1        I         I \
v='(vx,...,v*m_x)    and        :     =    -^-   .KSl, ,Jkm . 10---010---0

yO \ ^_- /
\xk

m

Since k > 3, we have Ax = A2 = '((-\)km, 0,..., 0), Ax v = '( vx,..., vj, A2 v =

'( vm+i,...,>-2m), and we get F(x( v)) = >-m+x vf1. Assume that A: = 2. For (Ax +

Af) ® Aj + 1 ® Af,

F(x)={'(Ajv)(A2v)}-('AjA2}-{'(Ajv)ij}"2

is an absolute invariant. For x(v) with k = 2, we have Xx = '(1,0,... ,0), A2 =

'(1,0,..., 0,-1), Xyy='(yy,...,ym) and A2 y = '(ym + 1,..., y2m_y, yY + ym+1).

Hence

F(x(y)) =y{2 ■{y1ym+y + ••• +>m_1v2m_1 + yxym + ymym+1),

i.e., F(x) is a nonconstant absolute invariant. For (Aj + Ax) ® Ax + 1 ® Af ( =

(Af + Af) ® Ax + 1 ® Af),

F(x)={'(Axv)A2}.{'(A2v)Ax}-('(Axv)Ax}-2

is an absolute invariant. Since F(x( y)) = (vx - ym)ym+yyy2, F(x) is nonconstant.

Thus our space cannot be a P.V.    Q.E.D.

Proposition 3.8. Assume that 2 < degp, $ n <, Ef=jdegp, fori = l,...,k (hence

k > 2). Then

(gL(1)/£ + j + 1 X G X SL(n), (pj + • ■ • +Pk)

® Aj   + ( CTj   +    •   "   •    +   CTJ   ®   1    +    1    ®   Af

is a non-P. V.

Proof. Since (GL(1)3 X SL(4) X 5L(8), (A2 + Aj) ® Ax + 1 ® Af) is a non-

P.V. by dimension reasons, if our space is a P.V., (GL(l)A+i X G, px + • • • +pk. +

ox* + ■ ■ ■ +ct*) (k > 2) must be a simple P.V. and n = deg(px + • ■ • +pk)- 1 by
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Theorem 3.4. By Lemma 3.7, we may assume that (G, pj + ■ ■ ■ +pk) + (SL(m),

AV°+ ••• + AV°). Since

(GL(l)k + 2 X SL(2m) X SL(2km - l),
k

A2 ® 1 + (A\*r+~-^"TAx*>) ® Ax + 1 ® Af)

is a non-P.V., we may also assume that (G,px + ■■■ +pk) + (Sp(m), A(x*)

+ ••• +AV°). Since

dimGL(l)*+J+1 x Gx SL(n)

>deg((px+ ••• +Pk)® Ky+(ox+ ■■■ +CTV)®1 + 1 ® Af)

> deg((px + • • • +Pk) ® Ax + 1 ® Af) + 5

withn = deg(pj + ••• +pk)- 1, the simple P.V. (GL(1)A: X G, pj + • • • +pjmust

satisfy the condition that dimG ^ 2(degpx + • • ■ +degp* - 1) - k. By Theorem

1.3 in [3], such a P.V. must be (GL(1)2 X Spin(8), vector rep.+ half-spin rep.).

However,

(GL(1)3 X Spin(8) X SX(15), (vector rep.+ half-spin rep.) ® Ax + 1 ® Af)

is reductive P.V.-equivalent to (vector rep.+ half-spin rep.) ® Ax + 1 ® Ax) (see

Remark 1.32), which is a non-P.V. by Proposition 3.5.    Q.E.D.

3.2. The case for n > LjLjdegp,-. We shall consider

(gl(i)*+*+'xgxsl(«),

(Pi + ••• +pk) ® Aj +(ctj + ••• +ctJ ® 1 + 1 ®(aV°'+—^"TAy**)]

when n > £*_, deg p, and

(G; px + ■■■ +pk; oj + ••• +os)+ (SL(m),Ky + ••• +AX; A(j*'+ ••• +K\*)).

If t = 0, it is a 2-simple P.V. of trivial type (see Definition 1.10), and hence we may

assume that t > 1. Since

(gL(1)' X SL(n), K[*)'+~r:~T'K\*))

must be a P.V., we have / < n + 1 and A(x*' + • • • +AV° must be one of (1)

Af + ••• +Af, (2) Af + ••• +Af + Aj, (3) Ai + ••• +A„ (4) Ax + • -• +AX +
Af. First assume that t = n + 1. Put d = min{degpj,...,degpj. Then we have

k + 5 +(n + l)+(d2 - 1) +(n2 - 1)

> dimGL(l)k+5+' XGX SL(n)

> deg (p, + ••• +pk) ® Ky +(oy + ■■■ +os) ® 1

+1 ® (K\* )^+~^~T K[*»)

> «deg(pj + • ■ ■ +pk) + 2s + n(n + 1)
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and hence

k + d2 - 1 > n (degpj + ■ • • + degpj + s ^ n(kd) + s.

Thus we have

0> (n - kd)kd + (k- \)(kd2 + d2 - 1) + s

>(n-kd)2k+(k-\)(4k + 3) + s       (k>l).

Since each term is nonnegative, we have k — \,  5 = 0, and  d = n. Again by

dimension reasons, we have dimG > n2 - 1, i.e., G = SL(n) and px = Aj*'. It is a

2-simple P.V. of trivial type and also it contradicts by our assumption

(G,pj + ••• +p*,Oj + •■• + o,)# (SL(m),Ky + ■■■ +Aj,A(1*)+ ■•• +AV°).

Hence we may assume that 1 < t < n.

Theorem 3.9. Assume that n > Lf=1degp,., (G, px + • • • +pk; ctx + • • • +os) =t

(SL(m), Aj + • • • + Aj; AV° + • • • +K{*)) and 1 < ? < «. Then

lGL(l)k+s+'xGxSL(n),

(Py+    ■■■    +Pk)   ®   Aj   +(CTj   +    •   •   ■    +Os)   ®   1    +    1    ® [ Af^n^^PAf |

is a P. V. if and only if

(3.3) k = land

(GL(\)S + ' X G,ctx + ■■■ +os + Py +-r77>Pl)

is a simple P.V. or

(3.4) t=land

(GL(l)k+sXG,Oy+ ■■■ +as+Pl+ ••• +pk)

is a simple P. V.

Proof. By Theorems 1.14 and 1.16, it is P.V.-equivalent to

lGL(l)k+s+tXG, CTj+ ••• +a5+((pj+ ••• +p*)^^T^(pi+ •■• +p*)).

If k = 1 or t = 1, the scalar multiplications act independently and it should be a

simple P.V. in [2] and Theorem 1.3 in [3]. Assume that k > 2 and / > 2. Then

(GL(l)2k X G, py + py + p2 + p2 + ■ ■ ■ +pk + pk) must be a simple P.V., and we

have (G,pj + • • • +pk) = (SL(m), (Ax + ■ ■ ■ +Aj)(#)) and ax + • • ■ +ct, = AV°

+ ■ • • + A(1*) by Theorem 1.3 in [3], which is a contradiction by our assumption.

Q.E.D.

Theorem 3.10. Assume that n > Lf=xdegp,, (G; px + ■ ■ ■ +pk; ctx + • • ■ +os) #

(SL(m); Ky + ■ ■ ■ +AX; AV° + • ■ • +K\*)) and t > 2. Then

iGL(l)k+s+'xGxSL(n),

(Pi + ••• +P*)® Ax+(ox+ ••• +ctJ®1 + 1 ®(AfT^^^Af + Aj)J

is a P. V. if and only if t = 2,3 and one of the following cases holds.
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(3.5) E*_xdegp, + l< n, t = 2, and (GL(l)5+k X G, ctx + ■•• +os + px

+ • ■ • +pk) is a simple P. V.

(3.6) A: = 1, degpx + l<«, ? = 3, 5 = 0,1; 5 = 0, (G,px) = (Sp(m), Ky),

(Spin(10), A,), (SL(2m + 1), A2); s = 1, (G, ox, px) = (SL(h'), A2, Af),
(5L(2m),A2,Aj),(SL(6),A3,Aj).

(3.7) Ac = 1, degpj = n, (i) s = 0, t = 2, 3, (G, px) = (Sp(n/2), Ax) (« = even),

(ii) 5 = 1, (G, pj, CTj) = (Sp(n/2), Aj, Aj) (» = even), (SL(n), Ky, A<2<°) (t = 2);

(G, pj, CTj) = (SL(n), Ky, K2) (n = even), (SL(n), Ky, K*2) (t = 3), (iii) s = 2, t = 2,

(G,Pj,CTj,ct2) = (SL(n),K{*\K2,Ky)(n = even), (SL(n), Ax*>, K2, Af).

Proof. First assume that £f_jdegp, + 1 < n. Then, by Theorems 1.14 and 1.16,

it is P.V.-equivalent to

|GL(l)*+i + 'xG,CTj+ ••■ +ctj+(p1+ ••• +p*+i)®(r+-^^i)j)

which is P.V.-equivalent to

(GL(l)*+*XG,CTj+ ••■ +ct,+(pj^~+>i)+ ■■• + (p*^^p*)).

If / > 4, it is a non-P.V. by [2]. Even when £f=jdegp, = n and t ^ 4, it is a

non-P.V. by Theorem 1.14. Hence t = 2 or 3. If t = 2, the scalar multiplications act

independently and we have the case (3.5). If t = 3, we have A; = 1 by the same

argument as in Theorem 3.9. Hence it is P.V.-equivalent to (GL(l)i + 1 X G, ctx

+ • ■ • +os + (py + py)) and we have the case (3.6) by [2]. Next assume that

n = Ef_xdegp,. Then it is P.V.-equivalent to

(GL(l)*+* + ' X G,ByOy + ■■■ +Bsos + yy(alPy + ■■■ +akPk)

+ Y2(«rVi + ••• +«^P*) {+Y3(aiPi + •■• +a*pj when r = 3})

with («x,...,«*;  By,...,Bs;  yx.yt) g GL(l)*+i + ' (t = 2,3). If k > 2, it is a
non-P.V. since YjajPj + y^^pf + jya2p2 + y^^p* has a nonconstant absolute

invariant. Hence it is P.V.-equivalent to

(GL(1)J+' X G,ctx + ••• +os + px + p* (+px when t = 3})

and we obtain the case (3.7) by [2].   Q.E.D.

Theorem 3.11. Assume that n > Ef=1degp, and (G; px + • • ■ +pk; ox

+ ■■■ +ctJ # (SL(m); Ax + • ■ • + Ax; A(x*' + • • • +K{*)). Then

(GL(l)k+s+,XGxSL(n),

(Pi + ••• +pj ® Aj +(ctj + ••• +ctJ ® 1 + 1 ®(k{+~"^^PAj))

is a P. V. if and only if one of the following cases holds.
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(3.8) n > t + Ef= jdegp, and it is a 2-simple P.V. of trivial type.

(3.9) n = t - 1 + Lf=xdegp,   and   (GL(l)k+s X G,   ctx + • • • +os + pf

+ ''' +P*) 's a simple P.V.

(3.10) n = 1 + If_idegp„ / > 3, am/

(6L(l)t+5+'xGxSL(n),

(Pi + ••• +pj ® Aj +(df + ••• +o*) ® 1 + 1 ® f Af T~^~FAf + Aj])

is a P.V. (see Theorem 3.10).

(3.11) n = Ef„jdegp,; t > 2, k = 1 and
t

[GL(1)'+S X G, CTj* + • • • + av* + PjT^~+Pi)

is a simple P. V.

Proof. Put r = E*_xdegp;. If n ^ r + t, we have (3.8). Assume that r < n $, r +

t. Since n-r

(pj   +    ■  •  •    +   P*   +   1   +    ■  •  •    +l)   ®   Aj

is a regular P.V.,

(px + • • • +Pk + lTrT?7^l) ® Aj

is reductive P.V.-equivalent to
n — r t + r — n

(Pi + ••• +pk) ® Aj + 1 ®(A1^Fr^-PAx + AfT_r:Tlr'+ Af)

and hence

(rt — r t + r — n

GL(1)' X SL(n), AxT^^~TAi + K*11r^^T + A* j

must be a P.V. Since / + r — n ^ 1, we have n = r, n = r+l or n = t + r — 1. If

n = t + r - 1, it is castling-equivalent to (GL(l)*+i X G, ox + ■ ■ ■ +os + p*

+ " '' + P*) and we have (3.9). If n = r + 1, we may assume f > 3 since otherwise

we have (3.8) or (3.9). Since (px + ■ ■ ■ +pk + 1) ® A: is a regular P.V. by Proposi-

tion 1.3, it is P.V.-equivalent to

(GL(l)k+s + ,XGxSL(n),

t-l ,

(ox* + ••• +o*) ® 1 +(px + ••• +pk+ 1)® Ax + 1 ®f AfT":TT'Af)

and we have (3.10). If « = r, it is reductive P.V.-equivalent to

lGL(l)k + s + ' X G X SL(n),

t .

(ct* + ••• +ct*) ® 1 +(px + ••• +pk) ® Aj + 1 ®(AfTrT^TT'Af)

and hence we have (3.11) by Theorem 3.9.    Q.E.D.
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Theorem 3.12. Assume that n > Ef=1degp, and

(G; pj+ ••• +Pk; CTj+ ••• + «,)* (SL(m); Ky + ■ ■ ■ +AX; A<x*> + ••• + A<j*>).

77ie«

fGL(1)*+J+' X G X SL(«), (pj + • • • +pj ® Aj

+ (oj + ••• +as) ® 1 + 1 ®(A1TrT^^TAj + Af j        (/ > 3)

is a P. V. if and only if one of the following cases holds.

(3.12) n > t - I + Ef=jdegp„   and   (GL(l)k+s X G,   ctx + ••• +os + Pl

+ ■ ■ ■ +pk) is a simple P. V.

(3.13) k = 1, t = 3, h = degpj, 5 = 0,1; (G,px) = (Sp(n/2),KX) (n = even,

5 = 0); (G, CTj, pj) = (SL(n), A2, Af) with n = even, (SL(n), K2, Kx) (s = 1).

Proof. Put r = Ef=1degp,. If « > r + t - 1, we have (3.12) by Theorems 1.14

and 1.16. Assume that r < n $ r + t — 1. Since
« — /•

(PX+    •••    +P*+r+~^Tl)®   Aj

is a regular trivial P.V., it is isotropic P.V.-equivalent to

(GL(l)k+s+'xG,ByOy+ ■■■ +BPs

+ Y„_r+i(«i1pf + ■ ■ • +a-k1p* + y{1+ ■■■ +y,;1r)

+ ■■■ +Y^i(af1pf + ••• +y~1r)

+ Y,(«iPi + ■ • ■ + «*P* + Yi + • • • +Y„- J)

where (aj,...,aA.; BX,...,BS; Yj,...,y,)e GL(1)*+S + '. Note that f-1 > n - r +

1. Since Y,_x(axyf + a~2lP*) + Y,(aiPi + a2P2) and Y/_1(«j"1pf + Yf1) + Y,(«iPi +

yj have nonconstant absolute invariants, we have k = 1 and « = r. Hence it is

P.V.-equivalent to

(gl(i)j+' x g, cti + ■ ■ • +ct, + 9x+-r^Tpf + Ply

By [2] and

(G; pi + •■• +pk; tjj+ ••• +cts)* (5L(m),Ax + ••• +Aj,A(,*)+ ••• +AV°),

we have (3.13).    Q.E.D.

4. The case for (G; py,...,pk; ox,...,os; Tj,..., t,) = (SL(m); Ax, ...,AX;

A',*',..., A(j*'; Aj*',..., A'j*1). In this section, we shall classify 2-simple P.V.'s of

type

GL(1)*"M + ' X SL(m) X SL(n), (axT^^TA,) ® Ax

s / ' \\

+ (K\*)^~^~TK\*)) ® 1 + 1 ®l Ai*)T"T^T"Ai*>)
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with 2 < m < «. Since

(GL(1)' X SL(n), K(i*r+^^TK<i*A

must be a P.V., we have r < n + 1 and

r

A^T^TAW = (Aj + • • • + Aj + A'j*))'*'

by [2].

4.1. The case when km < n. We may assume that / > 1 since otherwise it is a

2-simple P.V. if and only if

(GL(1)S X SL(m), K[*r+~^^TK(y*))

is a P.V., i.e., s «s m + 1 and

A(*)qrrrrrpAM = (ax + • • • +AX + AV0/*0.

Theorem 4.1. Consider

lGL(l)k+s+' X SL(m) X SL(n), (kx+~^tT'Kx) ® Kx

s t - 1 .

+ (a(x*)'T^~TAV*)) ® 1 + 1 ®l AjT-^^PAj + Af) (t > 1).

(4.1) When n ^ km + t - 1, it is a P.V. if and only if

k s

(GL(l)k+s X SL(m),KxT^~+Kx + K{*>T^~T K[*A

is a simple P.V., i.e., (i) k = 1, s < m,
s

(Aj*^^"^PAV°) = (Aj + • • • +AX)(*),
(ii) k>2, s + k^m + 1,

s

(K<1*y+ ■"■■ + AX*>) = Aj + • • • + Ax + A(x*>.

(4.2) When km + t - 1 £ n > km, it is a P.V. if and only ifk = 1, m = n and

I GL(l)i+' X SL(m), K\*^T^~+K\*) + Af^^^Af + Aj)

is a simple P.V., i.e., (i) t = 1,2; 5 + t < m + 1,

JA^T^TAWJ   =   Aj   +    •   •   ■    + Aj,

(ii) t > 1, 5 + t < m + 1,

Ai^T^TAV1' = Af + • ■ • + Af.
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Proof. By Theorems 1.14 and 1.16, we have (4.1). When km + t - 1 ^ n ^ km,

by the same argument as the proof of Theorem 3.12, we have k = 1 and m = n.

Then, by Proposition 1.12, we have (4.2).    Q.E.D.

Theorem 4.2. Consider

iGL(l)k+s+' X SL(m) X SL(n), (AjT~^^TAj) ® Ax

S t V

+ (av°'+—"^^tav0) ® i + i ®(Af^r^^^PAf I

(2 < t < n + 1, km < ri).

(4.3) When t = n + 1, it is a P.V. if and only ifk = 1, s = 0, m = n.

(4.4) When 2 < t < rt and A: ̂ 2, /'? « a P.V. if and only if

s

K\*y+~^~rT-K{*)   =   Aj   +    ■   •   •    + Aj

and s + kt < m.

(4.5) When 2 < f < n and k = 1, it is a P.V. if and only if

s

AX*)T^TTAV0 = ax + • • • + Ax + AV°

and s + t < m + 1.

Proof. By the argument in the beginning of §§3.2, we have (4.3). When 2 < t < n,

by Theorems 1.14 and 1.16, it is P.V.-equivalent to

GL(l)*+,+' x SL(m),Ax*^n^TA<x*) + (axT"^1^Ax) ®(rT^^Pl).

Hence if k = 1, we have (4.5). Assume that A: > 2. Consider (GL(1)5 X SL(m),

(Aj + Aj)® (1 + 1) + Af, V) where V = {(xj, x2,x3, x4; v)|x,., v g A:m}. The ac-

tion is given by x ^ (ay^Xj, a8Ax2, ByAx3, B8Ax4; e'A'1y) for x = (xj, x2, x3, x4;

v) G F and g = (a, /S, y, 8, e; A) g GLfl)5 X SL(m). Then F(x) =

('•xiJ;)('-;i(:4 v)/('x2 v)('x3 v) is a nonconstant absolute invariant and hence Af + (Aj

+ Aj) ® (1 + 1) cannot be a P.V. Therefore

s s

K{*y+ ••• +'A\*)   must be   Ax'+t:tTAx.

Since scalar multiplications are not independent,

(s + kt .

GL(l)*+J+'x 5L(m),Aj^r~^~r+ AJ

is a P.V. if and only if 5 + kt < m by [2].    Q.E.D.
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Theorem 4.3. Consider

I k
lGL(l)k+s + ' X SL(m) X SL(n), I A1T^T'A1) ® Ax

s t-1 ,

+ (Aj*)'+—^PA(i*>) ® 1 + 1 ®Uf^r—^~PAf + Ax] (t > 3).

(4.6) When n > A:m, it is a P.V. if and only if

s

Aj^T^^TAV" = Ax + • -• +AX,

5 + k(t — 1) < m (and k = 1 when n = km).

Proof. First assume that « > A:m + 1. By Theorems 1.14 and 1.16, it is P.V.-

equivalent to

fGL(1)*+S+' X SL(m), Kffr+^^TAfy*)

k t - 1 ,

+ (Aj^^^rAj + ij ®(iT^^n)),

which is also P.V.-equivalent to

s

(GL(l)k + s X SL(m), AV° +"^+K\*)
t-l k t-\

+ (Ky +"^+Aj) +^>(Aj -r^^+Aj)).

Clearly

(GL(1) X GL(1) X SL(m), Ky ® 1 ® Af + 1 ® A, ®(A: + A,))

is a non-P.V., and hence

s

A(i*» +"^~+ A'i*1 = Aj + ■ • • + A,.

Since scalar multiplications are not independent,

s + k(t-l)

(GL(l)k + s X SL(m),Kx +~r^~~+Kx)

is a P.V. if and only if s + k(t - 1) < m by [2]. When n = km, we have k = 1 and

rt = m by the similar argument as the proof of Theorem 3.10. Then, by Proposition

1.12, it is P.V.-equivalent to

t _i_ ^i_ \
GL(1)S + ' X SL(m), K\*Y+~^^TK\*) + K{+~^^KX + Af (t > 3)

and we obtain our assertion.    Q.E.D.
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Theorem 4.4. Consider

k

JGL(1)/C+I+' X SL(m) X SL(n), (axT^TAx] ® Ax

i . t ,

+ (A(j*)T—^^rAj*)) ® 1 + 1 ®l AjT^~^TAx    .

(4.7) Ifn^km + t, it is a P.V. if and only if

s

(gL(1)s x SL(m), AVn^^PAV0)

is a simple P. V.

(4.8) When km + t ^ n ^ km + 1, it is a P.V. if and only ifn = km + t - 1 and

k s

(GL(l)k+s xSL(m), Af^f~^PAf + Ax*>T""^"T'Ay*))

is a simple P. V.

(4.9) When n = km + 1, it is P.V.-equivalent to

. k s t-l

IKyT~^^PAj) ® Aj +(Ai*)T^^^rAj*))* ® 1 + 1 ®(AfTr:T:PAf + AJ

(see Theorem 4.3).

(4.10) When n = km, it is P.V.-equivalent to

^T^TAj) ® Aj +(ai*)'+—^TAj*')* ® 1 + 1 ®(Af^FT:TT^Af)

(see Theorem 4.2).

Proof. If n ^ Arm + t, it is of trivial type (see Definition 1.1) and we have (4.7).

Assume that A:m S n S km + /. By the same argument as the proof of Theorem

3.11, we have n = km + t — 1, A:m + 1, or Arm. When n = A:m + t — 1, we have

(4.8) by a castling transformation. If n = km + 1 (resp. n = km),

IKy1~-"^"TAj + 1) ® Aj     resp. (AiT-^^TAjJ ® Aj

is a regular trivial P.V., we have (4.9) (resp. (4.10)) by Remark 1.32.    Q.E.D.

4.2. The case when km ;> n.

Theorem 4.5. Assume that k > 2. Then

I Jt- \
GL(1)* X SL(m) XSL(n), Ky ® KyT^^T'Ky ® Ax (m,« > 2)

is a P.V. if and only ifm =t n and dimG > dimF, i.e., k + (m2 - 1) + (n2 - T)>

kmn. More precisely, we have

(4.11) // dimG :> dim V (hence m i= n), it is castling-equivalent to a trivial P.V.

(4.12) 7/dimG = dim F and m ¥= n, it is castling-equivalent to

i k      \
GL(1)* X 5L(A: - 1), KyT^^PKy .
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Proof. If it is a P.V., then m + n by Proposition 1.12. Now assume that m + n

and dimG > dimK. If n ^ km, it is a trivial P.V. If km ^ n ^ m, then it is

castling-equivalent to

/ _1_ \
(GL(T)k X SL(m) X SL(n'), Ax ® Ax -T^~+ Ax ® Ax

with ri = km - n. Since dimG > dimF, we have k < (m2 + n2 - 2)/mn - 1 <

«/m + 1, i.e., ri % m. Ii m > kn', it is a trivial P.V. If A:«' £ m, then we have

m' = kri - m s ri and we can go ahead similarly. By repeating this procedure, it

can be reduced to a trivial P.V. or a simple P.V.

k

(GL(l)k X SL(m0), K{+~^T'K1)    with k < m0 + 1.

If k < m0, it is a trivial P.V. and we have our result. Note that dimG = dim V if and

only if the generic isotropy subalgebra is {0}.    Q.E.D.

According to (4.11), we shall consider conversely, namely, we start from a trivial

P.V.

Lemma 4.6. Let (P0) be a trivial P.V.
k

f(/L(l)* X SL(m) X SL(n), Ky ® Aj^F^TAj ® Ax)

with k ^ 2 and km < rt. Then, by thej-times castling transformation, we obtain a P.V.

(PA, as follows.

(4.13) (Pj):

\GL(l)k X SL(Ujn - a^ym) X SL(aJ + 1n - a^), Ky ® AiTrT^TAi ® Kx\

with ajn — o,_jm <, aj + ln - ajm where {aj} is given by a_x = -1, a0 = 0 and

a j = kaj_x — dj_2 (j > 1), namely, Oj = j (k = 2), and

1        Hk + yfP^iy     lk-Jk^±\J\        tt      *\

Proof. We shall prove by induction on j. If j = 0, we have «0rt - a_xm = m

and ax« - a0m = n, i.e., the lemma holds. Assume that the lemma holds for j - 1.

Then we have (P _ x):

\GL(l)k X SL(aj_yn - aj_2m) X SL(ajn - ay_xm), Ax ®(ax^F~^PAi)

with a,_i« — a,_2m <; a^n - Oj-ym. By a castling transformation, we have

(GL(1)* X SL(n') X SL(Ojn - aj_xm),Ky ® Kyl^^TKy ® AJ

where

rt' = A:(ayrt — aj_ym) —(aj_xn — aj_2m)

= (kaj - dj_y)n ~(kaj_x - a^2)m = aj+ln - a;m,
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i.e., (Pj). Note that we have ri :> o,« - a^ym by the proof of Theorem 4.5, or by

direct calculation.   Q.E.D.

From now to Lemma 4.11, we use GL(l)k+s+' X GL(m) X GL(n) instead of

GL(T)k+s+' X SL(m) X SL(n) for simplicity. This causes no essential change.

Lemma 4.7. Let
k

(GL(1)* X GL(m) X GL(n), Kx ® AxTT^"lrA1 ® Kx,v\

be a triplet with
k

V = M(m,n) ® ■■■ ®M(m,n)

and m S n. Then the isotopy subalgebra %x at x = ([Im |0], Xx,..., A*^j) e V is

given by

(4.14) ®x=\[Bk,By,...,Bk_y--'By-BkIm,B=Bl    Bl2\

egl(l)*egl(m)©gl(rt)|

(B, - Bk)X, -'ByX, + X'B = Ofori = l,...,k-l\.

Proof. For

-      / \Bi     Bn]\
A=    Bk,By,...,Bk_y;A,B=       l        12

\ L^l ^2 J/

e ® = Lie(G) = 01(1)* ffi flt(m) ffl gl(rt),

we have

dp(A)x= {[BkIm + A+'Bx\'B2x],

BXXX + AXX + Xy'B,...,Bk_yXk_y + AXk_y + Xk_y'B).

By definition, 6,= {ieS; dp(A)x = 0}, and we have our result.   Q.E.D.

Lemma 4.8. Let

(GL(1)* X GL(rt) X GL(A:« - m), Aj ® Aj +~^~+ Aj ® AX,F']

be a castling transform of the triplet in Lemma 4.7. We identify V with

k

M(n, kn — m) ffl • • • © M(n, kn — m)

and take a point x' = ([/„ |0] (= A0'), A/,..., X'k_x) of V where

I   A'   \

:     -(Vi), io)

and

Xil-Jx.x>-<\  ° ).
0 /
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Then the isotropy subalgebra %'x. at x' is given by

tl

(415)    ©;, = \-Bx,...,-Bk;-'B  =-   *'    ^2    ;

M

/ \ \ \

/V„   +   £ 'Aj

:      Bi2

_ft-i7. + *      \'xk.i)

, 6 I /V„-m + 52        |(

g gl(l)*e gI(rt)fflgI(A;n - m)|

(Bi - Bk)X, -'ByX, + X'B = 0 for i = l,...,k-l>.

I

In particular, we have dim ®'x, = dim @x.

Proof. For

A' = \B'y,...,B'k' B' =       l        n  ; C'= 12     e ©'
I R' R' /"" /"'
\ L     21 2 J L     21 *-2  J,

with £; e M(m) and Cx G M((k - 1)«), we have

BlI" + B' }\I 01

■^t— 1

^/,, + fi'J1 J

J 0 1    V"      V"J(£-l)n      u *-l l-21

y' t/~" tr"
Ak-1        J|_ ^12 c2

/   / \ \
#/„ + *'

+ 'Cj'    'C2'j    =

\_&-,/„ + *') 1
P'kxk-i + 5%'-i + xk-i'c' j
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and hence

c{ = -

K-ih + V,
and C2'j = 0. Therefore, we have

If b[2        \
B'kX'k_y    +    B'X'k_y    +    X'k_y'C   =-

\'C[2 + B'2y(Xy,...,Xk_y)\  'C2' + B'kIn_m + B>2)

= 0

where

F=    ((B',   -    B'y)Xy    +   B'yXy   ~   Xy B',...,( ft   -    B[ _ y ) A* _ j   +   B'y X, _ y   ~   Xk_yB').

Thus, by putting Bt = -B' (i — 1,..., k) and

B,     B,-,B = -'B'=      l       12 ,

B2l    a2

we obtain our result.    Q.E.D.

Let

F0 = (GL(1)* X GL(m) X GL(n),

k

Aj ® K{+~^~+"Ky ® Ax, M(m,n) ® ■■■ ®M(m, «)]

be a trivial P.V. with km ^ n. Take a generic point xo = ([Im[0] (= Aq),

Xy0,...,Xj?_y) such that

;   =(hm o).

\A-k-l)

We define inductively the point xy = ([/r 0] (= X&), X{,..., XJk_y) of

Pj = [GL(1)/C X GL(a,« - Uj_xm) X GL(aJ+1n - a,m),

Aj   ®   AjT^^T^Aj   ®   Aj]

by

0 I xJ-1     xj-1   o\
:       =(V_1)r   0)    and    A^'_j=    *     •••**-!_!!

A/ l ° 7/

with r = a ■« — a _jm. Then, by Lemmas 4.7 and 4.8, the point xy is a generic point

of a P.V. F. and the isotropy subalgebra @A. at xy is of the form (&x = {(a,,..., ak;

-'Af_y, Af)}. First we shall consider

PJ = I GL(ajn - aj_ym) X GL(aj+ln - ajm), Kx ® K{+~^~TKy ® Ax J
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instead of P. Then the isotropy subalgebra  ®'x   at x   is of the form  ®'x =
■I j I i

{(- Aj_y, Aj)}. For simplicity, we denote

I A' \

X
\ A'j

by A" for any matrix A'.

Lemma 4.9. Put -A_x = A g gl(m). Then we have

\A\_|_ ] \~%-X\ |     '

(4.16)    -'A0= A"'1 ,       -'Ax= ~^T~   '   ,

/il     F2    I Fl [*      |     F2    \ Fi

Aj-l

Aj-2

'"■ ,Ak-2 ^>V-

_A"-1
n~km ([ * F2    | F

//ere (*) i5 independent of F2. The number of A contained in -Aj is aJ + 2.

Proof. The former part is inductively obtained from (4.14) and (4.15) (putting

Px =  ••■  = Pk = 0). Note that if

n — km

Bl2=(0|^j,

in (4.15), which is independent of F2, then
'    %    '

«,2

\'Xk-lj

is also of the form

n — Arm

(0l"*^)'

independent of F2. Let 6, be the number of A contained in -'Aj. Then b() = k = a2.

Assume that bj_ [ = a/+,. By (4.16), we have

bj = (k- l)bj_y +(bj_y - bj_2) = kaJ+l - aj = aJ+2.   Q.E.D.
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Lemma 4.10. For j > 0,

GL(ajn - aj_ym) X GL(aj+ln - Ojm), (k{+~"^TAj) ® 1

k t ,

+ [Aj ® Ky+~^FAj ® Aj) + 1 ®(AfTr:T^rAf]

is a P.V. if and only ifsaj+1 + taj+2 < m.

Proof. The generic isotropy subalgebra of

Pf = [GL(a,M - a;,_,m) X GL(aj+1n - a,m), Aj ® KyT^T'Ky ® Ax]

is {(-'Aj_y, Aj)} where -'Aj is of the form (4.16). Hence, if our space is a P.V.,
r

IGL(m),A,'+ •"• + AJ    with r = saj+1 + taj+2

must be a P.V., and we obtain saJ+l + taJ+2 < m. However, thanks to F2 in (4.16),

the converse is also true.   Q.E.D.

Lemma 4.11. Forj > 1 andt > 1,

GL(l)/t+I+' X GL(ajn - aj_xm) X GL(aj+1n - a:m),

s k t \

(AiT^^T^Ai) ® 1 +[Aj ® Aj^T^^^TAj ® Aj] + 1 ® (Af'+~r:TlrAf j

is a P.V. if and only ifsaj+l + taj+2 < m.

Proof. Assume that it is a P.V. The generic isotropy subalgebra of

Pj = (GL(1)* X GL(ajn - fl7_xm) X GL(aJ + ln - ajm),

Aj    ®   Ky'+~r:^T'Ky    ®    Aj]

is given by Qbx = {(oty,...,ak; -'Afy, Af)} where -'Af is obtained from -'Aj in

(4.16) by replacing A by y^ + A,...,yrI + A (r = aj + 2) for some scalar multipli-

cations y,.yr. Hence we have saj+l + taj+2 ^ m + 1 and the equality holds

only when scalar multiplications act independently. By Lemmas 4.7 and 4.8, we have

A- - 1

{Yi,...,yJ = {a,-«,}(,^ou|0^r?0}    fori-l,r-fl3-*2-l.

Since t > 1 and y[ = a, - ak + X, y2 = A, y3 = ak - ax + X are not independent

for any X (i.e. y,' + y3 = 2y2), scalar multiplications cannot be independent and we

have sa/ + x + ta/+2 < m. The converse is obvious by Lemma 4.10.   Q.E.D.

Definition 4.12. Let  R be the set of triplets (k.m.n) of natural numbers

satisfying k > 2, n ^ m ^ 2 and k + m2 + n2 > kmn + 2. For (k.m, n) e R, there
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exists a nonnegative integer j such that

(GL(l)k X SL(m) X SL(n), Ax ® KyT^^~^Ky ® A A

is transformed to a trivial P.V. by /-times castling transformations (see (4.11)). This

number j is uniquely determined if we use only castling transformations which make

the representation degree smaller. We denote such j by \p(k,m,n). Thus we obtain

a map $: /?-» Z+= (0,1,2,...}. For example, \p(k, m, n) = 0 if and only if

mk < n. Note that \p(k, m, n) = min{/'; C, < 0} where C_2 = n, C_y = m, C, =

kCi_x - Ci_2(i > 0).

Theorem 4.13. Consider
(s

GL(l)k+s+' X SL(m) X SL(n), (ax^F"^"T*Ax) ® 1

k t

+ [Aj   ®   KyT^T'Ky   ®   Aj]    +   1    ® (  Af ̂P^^TAf ]

with km ;> rt :> m > 2 and t > 1. This is a P. V. if and only if (k,m,n) G R and

saJ+y + taJ + 2 < aJ + 1m - a}n    (<=> 5 + kt < m -(aj/aj+1)(n - t))

for j = 4/(k,m,n) where \p: R -* Z+ is the map defined in Definition 4.12, and (a,}

js defined by a_x = -1, a0 = 0, a, = Aca,„x - a,_2 (/' 5* 1).

Proof. Put m = a,n' — ay_xm' and « = a-+1/j' — a-m'. Then we have m' =

aJ + 1m - ayn, and hence we obtain our result from Lemma 4.11. Note that a2 -

aj+laj_y = 1, which is obtained by taking the determinant of

[Z, XH o)(:;:: :;A- »*»■
Lemma 4.14. Assume that

I I -Ji— -Ji— \
\GL(T)k+s+' X SL(m) X5L(«),   Ai^T^^PA + Af+^^TAf I ® 1

+ (ax ® K{+~-^~f~+Ky ® Ax) + 1 ® | AXT~^~:PAX + Af^r^^PAf)

(s > 1 or t > 1)

with km :> « :> m > 2, 5 = 5X + s2, t = ty + t2, is a P.V. Then one of the following

cases holds.

(I-a) 52 = ty = 0, r2 > 1,

(I-b) 52 = t2 = 0,

(I-C) 5X = t2 = 0, 52 > 1.

(II-a) 52 = 0, rx > 1, /2 = 1,

(Il-b) 5j = 1, 52 ^ 1, f2 = 0.

(Hl-a) 52 = 0, ty = 1, r2 > 2,

(Ill-b) 5i > 2, 52 = 1, t2 = 0.

(IV) 52 = /2 = 1.
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Proof. Since Ax + • • • +AX + Af + • • • +Af mustbe(Ax+ ••• +AX+ Ay*)**0

by [2], it is enough to show that if (a) s2 > 1, r2 > 2, or (b) s2 > 2, t2 > 1, it is a

non-P.V. By Theorem 1.14, the prehomogeneity of

(GL(1)5 X SL(m') X SL(ri), Af ® 1 + Ax ® Ax + Ax ® Ax + 1 ® (Af + Af))

implies that of (GL(1)4 X SL(n'), Ax + Ax + Af + Af) for any m', ri > 2, which

is a contradiction. Thus we obtain our result.   Q.E.D.

Theorem 4.15. The cases (I-b) and (I-c) in Lemma 4.14 are castling-equivalent to

the case dealt with in §4.1 or to the case (I-a) which is already classified in Theorem

4.13.

Proof. The case (I-b) is castling-equivalent to

GL(1)*+J' X SL(n') X SL(m),[Kl'+~^~TKy\ ® 1

+ [ax ® K{+~^PAX ® Ax) + 1 ®[h*1~-^^TAf)

with ri = km + tx - n. If it is a P.V., we have ri <, m, i.e., ty $ n - (k - l)m. In

fact,

/
GL(l)k+"-(k-1)m X SL(m) X SL(n),

k i       n-(Ar-l)m,\

Aj    ®    K{+~^lrKy    ®    Aj    +    1    ®        Aj      T^^T     Aj   I

is castling equivalent to

lGL(l)k + "~(k-1)m X SL(m) X SL(m),

lAj^T^^TAj + 1 + ••■ +l) ® Aj (A: > 2),

which is a non-P.V. by Proposition 1.12. If kn' < m, it is the case dealt with in §4.1.

If Acn' :> m and 5X ̂  1, it is the case (I-a). If kn' ^ m and sx = 0, then fx > 1 and it

is castling-equivalent to

GL(1)* + '' X SL(m') X SL(n'),

Ky ® KyT~f^T~Ai ® Ai + 1 ®  Af^"^"PAf 1

with m' = kn' — m ■$. ri. If A:m'< ri, it is the case in §4.1, and if A;m' > ri, it is the

case (I-a). Similarly one can show that the case (I-c) reduces to (I-b) or to the case in

§4.1.    Q.E.D.
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Theorem 4.16. (1) The case (Il-b) in Lemma 4.14 is transformed to the case (Il-a)

or to the case in §4.1 by a castling transformation. (2) Consider the case (Il-a), i.e.,

(s

GL(l)k + s + ' X SL(m) X SL(n), (Aj^^~TAj) ® 1

k t-1

+ 1 Aj ® Aj'+—^T^Aj ® Aj) + 1 ®(Af + K{+~^TAj)]

(t > 2, A:m ;> n :> m).

Put ri = km + t - n - 1. 77ie« it is a P.V. if and only if (i) kn' < m and (k + s)k

+ t - 2 < ri or (ii) Atrt' £ m, (k, ri, m) e R and (t - 2)aj+1 + (k + s)aJ + 2 <

aJ + yri - ajm with] = \p(k, ri, m) (see Definition 4.12).

Proof. (1) By a castling transformation, (Il-b) is transformed to

j GL(l)*+, + ' X SL(n') X SL(m), (AjT^^T^Aj) ® 1

+ (Aj ® AjT^TAj ® Aj] + 1 ®[Af + AXT":'^7TAX]       (5 ^ 2)

with ri = Acm + t - n. Hence, it is the case dealt with in §4.1 when kn' < m and it

is the case (Il-a) when kn' ^ m. (2) Since the GL(n) part of the generic isotropy

subgroup of (GL(1)2 X GL(n), Kx + Af) is

(jj]i);aGGL(l)je6L(«-l)},

(Il-a) is isotropic P.V.-equivalent to

h ■+■ s

(GL(l)k+s X GL(m) X GL(n - 1), (Aj^r^^PAxj ® 1

+ [ax ® Ky'+^^T'Ky ® Aj + 1 ®(K{+~-"^TA j ]

(cf. Lemma 2.20), which is castling-equivalent to

lGL(l)k + s X GL(n') X GL(m), (k{+~':~+'Kl\ ® 1

+ (ax ® Ky+~^PKy ® Ax) + 1 ®(Af^f—^^PAf) (t>2)

with ri = km + t - n - 1. Note that the scalar multiplications are no more inde-

pendent. Assume that kn' < m. If it is a P.V., then k + s < m by (4.3) since we

have k > 2 by km £ « £ m. Hence, by Theorems 1.14 and 1.16, it is P.V.-equivalent

to
/ '"2 k k+s ,

GL(l)*+iX GL(rt'), K{+~-^PAj + [K{+~-77lrAj   ®(l^F^~+TJ

and we have t — 2 + k(k + s) ^ ri, i.e., (i). Next assume that A:«' :> m. If it is a

P.V., we have ri < m (see the proof of Theorem 4.15). Similarly as Theorem 4.13, by
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using Lemmas 4.10 and 4.11, we have our result. Note that, by Lemma 4.10, the

statement in Theorem 4.13 holds even when the scalar multiplications are not

independent.   Q.E.D.

Theorem 4.17. (1) The case (Ill-b) in Lemma 4.14 is transformed to the case in

§4.1, or to (Ill-a) by a castling transformation. (2) Consider the case (Ill-a), i.e.,

(s

GL(l)k+s+' X SL(m) X SL(n), (\{+~^T'aA ® 1

k t — 1

+ [Aj ® AjT^^T^Aj ® Aj] + 1 ®(Aj + AfT^^T/VM

(r > 3, km ;> « :> m).

This is a P.V. if and only if (k, m, n - 1) G R and (s + k)aJ+1 + (t - 2)aj+2 <

fl/ + 1m — aj(n — 1) for j = \}/(k, m, n — 1) (see Definition 4.12).

Proof. (1) is obvious. Similarly as Theorem 4.16, (Ill-a) is isotropic P.V.-equiva-

lent to

/ / kts        \
\GL(l)k+s X GL(m)xGL(n - 1)JAXT^TAX   ® 1

+ (Aj ® Aj + ••• +Aj ® Aj) + 1 ®(Af + •■• +Af) .

If it is a P.V., then we have m ^ n - 1 by Theorem 4.5. Thus we have (2) similarly

as Theorem 4.16.   Q.E.D.

Theorem 4.18. Consider the case (IV) in Lemma 4.14, i.e.,

I GL(l)k+s+' X SL(m) X SL(n), I A* + AX^F^^PAX) ® 1

t-1 s

+ [Aj   ®   Aj   +    ••■    +   Aj   ®   AXJ   +   1    ®(Af   +   Aj'+_^TAj)

(s > 1, t > 1, km ^ n g: m).

This is P. V.-equivalent to

i i   JUS-L  \
\GL(m - 1) X GL(n - l), I Ax + ••• + Ax) ® 1

+ (Aj ® AjT^^^+^Aj ® Aj] + 1 ®(Aj^r^^T^Aj) .

Put ri = km + t — n — 1. Then it is a P.V. if and only if (1) A:«' < m — 1

and k + t - 2 + k(k + s - 2) ̂  ri, or (2) kri £ m - 1, (k, ri, m - 1) G R and

(k + t - 2)aJ + l + (k + 5 - 2)ay + 2 < aj+yri - aj(m - 1) for j = \p(k, ri, m - 1)

(see Definition 4.12).

Proof. By considering the generic isotropy subalgebra of (GL(1)3 X GL(m) X

GL(n), Af®l + Ax®Ax + l®Af) similarly as the proof of Lemma 2.20, we
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obtain the former statement. By a castling transformation, we have

k±i-2^

\GL(ri) X GL(m - 1), lAx+ • ■ • + Ax   ® 1

k^s^ ,

+ (Aj ® Aj + ••• +Aj ® Aj) + 1 ® I Af + ■■• + Af

with ri = km + t — n — 1. If A:«' < m — 1, then we have k + s — 2 < m — 1 by

(4.3). Hence, by Theorems 1.14 and 1.16, it is P.V.-equivalent to

/ /        k+t~2       s       / _*_ x       ,    k+s-2      ,

|gL(«'),(Ai^^^^Aj)+(Aj^^^^Aj)®(i+ •••+!))

and we have (1). If kn' ;> m - 1, then we have (2) by Lemma 4.10 similarly as

Theorem 4.13.    Q.E.D.

5. List of (indecomposable) 2-simple P.V.'s of Type II.

5.1. 2-simple P.V.'s of type II obtained from any given simple P.V. (GL(1)' X G,

Px + • • • +P/) with degp, > 2 (i = 1,..., /).

(1)

(GL(l)/+rx Gx SL(n), (oy + ••• +or) ® Ax +(p, + ••• +p,) ® l)

for any representation a, + ••■ +or of G and any natural number n satisfying

« > degCT] + • ■ • +deg<jr.

(2)

|GL(1)'+' XGXSL (Ef=idegp, + t - l), (px + • • • +pj

®Aj +(p*k + 1 + ■■■ +p?) ® 1 + 1 ®(AjT^~^PAi] (1 < k < /)

for any / > 0.

(3)

|GL(1)/+' X G X SL(n), (py+ ■■■ +pk) ® Ky

+ (pk+i + ■" +p/)®i + i®(aiT^^i^Ai +Af)J    (ia</)

for any pair of natural numbers (t, n) satisfying t > 1  and n > t — 1 + degp,

+ ••• +degpA.

Note that any one of (l)-(3) is P.V.-equivalent to a simple P.V. (GL(1)' X G,

Pi + • • • + Pi). For the convenience of the reader, we give the list of simple P.V.'s.

List of Simple P.V.'s (GL(l)'x G,px + ■■■ +p,).

(I) Irreducible case (see [1]).

(I-1)G= SL(n), p, = Aj, A2, 2A,; 3A, (« = 2); A3 (n = 6,7,8).

(1-2) C = Sp(n),Px = A,; A3 (#i = 3).

(I-3)(GL(1)XSG(«), A,).
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(1-4) (GL(1) X Spin(rt), (half-)spin rep.) with n = 7, 9, 10, 11, 12, 14.

(1-5) (GL(1) X G2, A2, F(7)), (GL(1) X £6, Ax, F(27)), (GL(1) X E7, A6, F(56)).
(II) Nonirreducible case ([2], with a correction in [3]).

(II-l) G = SL(n);

I- l

K1T~r^7T'Ky + AV°       (2 < / < n + 1, n > 2),
/

2Aj + Aj*', A2 + A^T^TA',*'       (2 < / < 4,« > 4)

except A2 + Aj + Ax + Af for « = odd, A2 + A2 (n = odd), A2 + A2 + Af

(rt = 5), A3 + Aj*> (n = 6, 7), A3 + Ax + Ax (n = 6).

(II-2) G = Sp(n); Ky + Kx, Kx + Kx + Aj; A2 + Ax (n = 2); A3 + Ax (« = 3).
(II-3) G = Spin(«); spin rep. + vector rep. (n = 7), half-spin rep. + vector rep.

(« = 8,10,12), A + A (« = 10) where A =  the even half-spin rep.

Here Af denotes the dual of Ax and AV° stands for Aj or Af. Note that

(G, p,V) = (G, p*,V*) as triplets when G is reductive. Since (Spin(2«), even

half-spin rep.) s (Spin(2«), odd half-spin rep.), we simply write as (Spin(2«),

half-spin rep.). Note also that (5p(2), A2) = (SO(5), Ky).

5.2. 2-simple P.V.'s of Type II dealt with in §2, i.e., (GL(l)k+s+l XGX SL(n),

(Pi + ■ • • +pj ® Ai + (cti + • • • +ctJ ® 1 + 1 ® (tj + • • • +t,)) with 2 < degp,

< n (/ = 1.k) and (rx + ■■■ + t,)# (AV° + ■■■ +AX*>).

(4) G = SL(m) (2 < m < «).

(4-1) p' = Aj ® Aj + 1 ® 2A(j*)( + A(j*) ® 1); Aj ® Aj + 1 ® A(2*'( + F) with

T = A(*> ® 1, (AV0 + A(j*') ® 1, 1 ® AV°, A'j*' ® 1 + 1 ® A\*».
(4-II) « = even; p' = Aj ® Aj + 1 ® A<2*> + T.

(11-0)       T   =   (Aj    +    Aj)(*>    ®   1    +    1    ®    K(y*\      (Ky    +    Af     +    Af)   ®   1,
(Aj    +    Aj    +    Aj)**'®   1.

(II-l) m = even; T = (Ky + Kx + Af) ® 1, (Aj + Af) ® 1 + 1 ® A'j*'.
(II-2) m = odd; T = A2 ® 1, 1 ® (A'j** + A'j*').

(4-III) « = odd.

(A) p' = Aj ® Aj + 1 ® A2 + T with:

(III-O-A)    T = (Ky  +  Ky) ®  1  +  1  ®  Af    (m >  3),    A*2   ®  1,
(Aj    +    Aj    +    Aj)'*'   ®    1    (m    >    3),   (Ky    +    Aj)1*'   ®   1    +    1    ®    Aj.

(III-l-A) m = even; T = A2 ® 1, (Aj + Af) ® 1 + 1 ® Aj, 1 ® (Aj + Af),

1 ® (Af + Af).
(III-2-A) m = odd; T = (Ky + Kx + Af) ® 1, 1 ® (Ax + Aj), (A, + Af) ®

1 + 1 ® Af.
(B) p' = Aj ® Aj + 1 ® A*2 + T with:

(III-O-B) T = (Aj + Af + Af) ® 1, (Aj + Aj + Aj)(*' ® 1, (Ai + Ai)(*» ®
1 + 1 ® A(i*».

(III-l-B) m = even; T = (Kx + Kx + Af) ® 1, 1 ® (Af + Af), (A, + Af)
® 1 + 1 ® Ay*'.

(III-2-B) m = odd; T = K2® 1,1 ® (Kx + Kx\ 1 ® (Aj + Af).
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(5) G = SL(2) (2 < «).

(5-1) p' = 2Aj ® Aj + 1 ® A(2*'( + Aj ® 1).
(5-II) p' = Aj ® Aj + 1 ® A2 + T with:

(11-0) T = 2Aj ® 1, 2Aj ® 1 + 1 ® Aj.
(II-l) « = even; T = 3Aj ® 1, (2Aj + Aj) ® 1, 2Aj ® 1 + 1 ® Af.

(5-III) p' = Aj ® Aj + 1 ® A*2 + T with T = 2AX ® 1, 3Aj ® 1, (2AX + Aj)

® 1, 2Aj ® 1 + 1 ® A(x*'.

(5-IV) « = 5; p' = Ax ® Ax + 1 ® (A* + A*).
(5-V)  n = 6;   p' = Ax ® Ax + 1 ® A3(+ T) with  T = 1 ® Af,  ct ® 1  (ct =

Aj,2Aj,3Aj, Aj + Aj,2Aj + Ax, Ax + Ax + Ax)

(5-VI) « = 7; p' = Aj ® Aj + 1 ® A(3*'( + Aj ® 1).
(6) G = SL(3) (3 <n).

(6-1) Aj ® Aj + 1 ® A(*> + 2AV° ® 1.
(6-II) « = 5; Aj ® Ai + 1 ® (A2 + A2).

(7) G = SL(4) (4 < «).

(7-1) « = odd; p' = Aj ® Ai + 1 ® A2 + F with T = 2KX ® 1, (A2 + AV°)

® 1, A2 ® 1 + 1 ® Af.
(7-II) « = 5; Ai ® Ai + 1 ® (A2 + A2).

(7-III) « = 6;  Ai ® Ai + 1 ® A3( + F) with T= Af ® 1,  A(2*» ® 1, (Af +

Af) ® 1, 1 ® Ky.

(8) G = SL(5) (5 < «).
(8-1) « = even; p' = Aj ® Aj + 1 ® A(2*' + (A2 + Af) ® 1.

(8-II) « = odd; p' = Aj ® Aj + 1 ® A*, + (A2 + Af) ® 1, p' = Aj ® Aj + 1

® A2 + T with T = (Af, + Aj) ® 1, Af, ® 1 + 1 ® Af.
(8-III) « = 6; p' = Aj ® Aj + 1 ® A3( + T) with T = AV° ® 1, A*2 ® 1, (Af

+    Aj*')   ®    1,    1    ®    Af.
(8-IV) « = 7; p' = Aj ® Aj + 1 ® A(3*>.

(9) G = SL(2r) (n = 2r + 1).

(9T)    Aj    ®    Aj    +    1    ®    Af,    +    1    ®    (Aj    +    Aj).
(9-II) r = 3; Aj ® A, + 1 ® A(3*>( +AV° ® 1) (« = 7).

(10) G = SL(n).

P'   =    Aj®   Aj    +(Pj    +     ■••    +PJ®   1    +    1    ®(P|+J    +    •••    +P*)

where (GL(l)r X SL(n), py + • • • +pr) is a simple P.V.

(11) G = Sp(m)(2m < «).

(11-1) « = odd; p' = Aj ® Aj + 1 ® A2.

(11-11) « = odd; m = 2; p' = AL ® Aj + 1 ® A2 + T with T = Ky ® 1, A2

® 1, 1 ® Af.
(ll-III) « = 6, m = 2; p' = Aj ® Aj + 1 ® A3.

5.3. 2-simple P.V.'s of Type II dealt with in §3, i.e.,

JGL(l)* + 5 + ' XGX SL(n),  (px + • • • +pj ® Ax

+ (cti + • • • +cts) ® 1 + 1 gfA^T^TA'*')
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with 2 < degp, < « (i = l,...,k) where (G; px,...,pk, Oy,...,os)±(SL(m);

Ky,..., Ai; AV°,..., A'j*'). First note that the P.V.'s in (3.8) (resp. (3.2), (3.9); (3.4),
(3.5), (3.12)) belong to (1) (resp. (2); (3)) in §5.1.

(12) (GL(1)2 X SL(4) X SL(8), (A2 + Ax) ® Aj).
(13) G = SL(m).

(13-1) p' = Aj ® Aj + 1 ® (Af + Af) +T (msn) with T = A^0 ® 1, (A(f°

+ Aj) ® 1, (Af, + Af) ® 1, A(2*» ® 1 + 1 ® Af, A*2 ® 1 + 1 ® Aj, (A2 + Af) ® 1
(m = even), A2 ® 1 + 1 ® Aj (m = even), A3 ® 1 (m = 6), A3 ® 1 + 1 ® Aj

(m = 6).

(13-11) p' = Aj ® Aj + 1 ® (Aj + Aj + Aj) + T (« = m + 1) with T= K2®

1, Af, ® 1 (m = even), A3 ® 1 (m = 6).

(13-111) p' = K2® Ky + T (n> \m(m - 1)) with T = 1 ® (Af + Af) (m =

odd), 1 ® (Aj + Af + Af) (m = odd, « 3* \m(m - 1) + 1), Af ® 1 + 1 ® (Af +
Af) (m = 5), 1 ® (Aj + Aj + Aj) (m = 2m' + 1, « = 2m'2 + m' + 1), 1 ® (Aj +

Aj) (m = 2m' + 1, « = 2m'2 + m'), Aj ® 1 + 1 ® (Aj + Aj) (m = 5, « = 10).

(14) G = Sp(m) (« > 2m).

(14-1) p' = Aj ® Aj + 1 ® (Af + Af)(+ T) with T = Ky ® 1, 1 ® Af, 1 ® Aj
(« > 2m + 1).

(14-11) p' = Aj ® Aj + 1 ® (Aj + Ky*\ + T) (rt = 2m) with T = Ky ® 1, 1 ®
A<j*>.

(14-111) (GL(1) X Sp(m) X SL(2m + 1), Ax ® Ax + 1 ® (Ax + Ax + Ax)).
(15) G = Spin (10) (« > 16), p' = half-spin rep. ®KX + T with T = 1 ® (Af +

Af), 1 ® (Ax + Af + Af) (« > 17), 1 ® (Ax + Ax + Ax) (« = 17), 1 ® (Ax + Ax)
(« = 16).

5.4. 2-simple P.V.'s of Type II dealt with in §4, i.e.,

(GL(l)*+Sl+52 + 'I + '2 X SL(m) X SL(n),

(Sy s2 . k

AjTrr^^TAj + AfT^^TAf   ® 1 + Kx ® KyT~-*^TAX ® Aj

+1 ® I Aj'T^^T'Aj + Af'TT^r+"Af j (n >.m > 2, k > 1).

First we shall give the list of P.V.'s when n ^ km. Let N(m) be the set of pairs

(a,b) of nonnegative integers satisfying l<a + 6<m + l, and one of a and b is 0

or 1, i.e.,

/ -J— _JL_        \
GL(l)a+ft X SL(m), KyT'^T'Ky + AfT^^PAf

is a P.V.

(16) The case when n > km.

First note that P.V.'s in (4.7) (resp. (4.8); (4.1)) belong to (1) (resp. (2); (3)) in §5.1.

(16-1) rt = m, Ac = 1; (5j + t2,s2 + ty) G N(m).

(16-11) « = km(k> 2).

(16-II-a) ty = 0, 2 < t2 < «; s2 = 0, 5j + kt2 < m.

(16-II-b) 2 ^ ty ^ «, t2 = 0; 5j = 0, 52 + kty ^ m.
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(16-111) n = km + 1, tx > 3; t2 = 5X = 0, 52 + k(tY - 1) < m.

(16-IV) n > km + ty, n ^ km.

(16-IV-a) k = 1, ty = 0, 2 < t2 < n; (5j + /2, 52) G A/(m).

(16-IV-b) A: > 2, ?j = 0, 2 < r2 < «; 52 = 0, 5j + A:/2 < m.

(16-IV-c) k > 1, ;X = 1, 2 < * j < n; s2 = 0, sx + kt2 < m.

Next we shall give the list of P.V.'s when A:m ̂  n. In this case, we shall use the

following notations: j = \p(k, m, n) for (k, m, n) g R (see Definition 4.12), and for

{a,-} defined by a_y = -1, a0 = 0, a, = A;a,_i - a,_2 (i ^ 1) (see Lemma 4.6), put

*>, = fl,A,+i-

(17) 5i = 52 = fi = t2 = 0; dimG > dimF, i.e., A; + (m2 - 1) + («2 - 1) > Ac/w«.

(18) 52 = ?2 = 0.

(18-1) m > Am', 5j = 0; ty < «' + 1.

(18-11) m > Am', 5X = 1; k + ty < ri + 1.

(18-111) m > A:«', 2 < 5j < m; fx + A:5X < ri.

(18-IV) kn' 5; m, 5i > 1; ty + ksy < ri - bj(m - sx).

(18-V) kn' ^ m, ri > km', sx = 0, tx = 1; k < m' + 1.

(18-VI) Am' > m, «' > A:m', 5X = 0, 2 < f x < n'; A:fj < m'.

(18-VII) Am' £ m, A:m' > ri; sx = 0, tx> 1, ktx < m' - o/«' - /x).

Here,   ri = km + tx — n   (^ m),   m' = Am' - m   (<, ri),  and (A:, «', m)  (resp.

(A:,m',«'))G/?,   j = ^(k,n',m) (resp.  .//(A:, m',«')) in (18-IV) (resp. (18-VII)).

Note that (18-1) (resp. (18-11), (18-V)) belong to (1) (resp. (3)) in §5.1.

(19) t2 = 0, 52 = 1, 5X 3* 2.

(19-1) m > Am'; fx + A:5X < ri.

(19-11) kn' > m; tx + ksx < ri - bj(m - sx) where ri = km + tx - n (<, m),

(A:, ri, m - 1) e R, j = ^(A:, rt', m - 1).

(20) r2 = 0, 52 ^ 1, 5i = 0.

(20-1) m ^ kn' + s2; tx < ri + 1.

(20-11) m = Am' + 52 - 1; rx = 0, 1, k + tx < ri + 1.

(20-111) m = A;«' + 1, m > 52 > 3; ?j = 0, A;(52 - 1) < ri.

(20-IV) m = /c«', m^ s2^ 2; fx = 0, A:52 < ri.

(20-V) Atj' £ m, «' ^ A:m', ̂  = 0; 52 < m' + 1.

(20-VI) Am' £ m, «' 3* km', ty = 1; 52 + A;/i < m' + 1.

(20-VII) Am' ̂  m, rt' > Arm', rt' > /j > 2; 52 + A:/i < m'.

(20-VIII) Am' > m, A:m' £ «', ty > 1; 52 + A:?! < m' - 6,(«' - ty).

(20-IX) A:n' £ m, A:m' £ rt', m' > kn", ty = 0, 52 = 1; k < n" + 1.

(20-X) Am' £ m, A:m' 2: «', m' > A:«", ̂  = 0, m' > 52 > 2; A:52 < rt".

(20-XI) Am' £ m, Arm' £ ri, kn" £ m', /j = 0, s2 3* 1; A:52 < n" - bj(n" - s2).

Here ri = km + ty - n (S m), m' = kri + s2- m (s ri), n" = km' - ri (<

m') and (A:, m', ri) (resp. (A:, rt", m')) G R, j = xp(k, m', ri) (resp. 4>(k, «", m')) in

(20-VIII) (resp. (20-XI)).
Note that (20-1), (20-V) (resp. (20-11); (20-VI), (20-IX)) belong to (1) (resp. (2);

(3)) in §5.1.

(21)?2 = 0, 52 3> 1, 5i = 1.

(21-1) Am' > m, ri 3* km'; (s2 - 1) + A:(A: + ty) < m'.

(21-11) kn' £ m, A:m' > ri; (s2 - 1) + A:(A: + /,) < m' - bj(m' - k - ?,).
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Here   ri = km + ty - n,   m' = kn' + s2 - m   and   (A:, m', ri) G R,   j =

t(k,m',ri).
(22)   t2   =   1,   52   =   0,    ty   3=   1.

(22-1) m > A:«', (fj - 1) + A;(A; + 5X) < n'.

(22-11) Am' £ m, (rx - 1) + it(it + 5X) < ri - bj(m - k - Sy).

Here ri = km + ty- n, (k, ri, m) £ R, j = \p(k, ri, m).

(23) t2 = 52 = 1.

(23-1) m - 1 > Am', (A: + ty - 1) + A:(A: + sx - 1) < ri.

(23-11) kn' ^m- 1, (it + rx - 1) + A: (it + 5X - 1) < ri - bj(n - k - Sy).

Here ri = km + ty- n, (k, ri, m - 1) e JR, j = ^(A:, rt', m - 1).

(24) f2 > 1, 52 = tx = 0; Sy + kt2^m- bj(n - t2) where (k, m, n) e R, j =

4>(k,m,n).

(25) t2 > 2,   52 = 0,   fj = 1;   (sy + k) + k(t2 - 1) < m - bj(n - t2)   where

(A:, m, n - 1) G /?, / = ^/(At, m,n — 1).
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