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ABSTRACT. A classification of 2-simple prehomogeneous vector spaces is completed
by using some P.V.-equivalences together with [3]. Some part is very different from
the previous classification of the irreducible or simple cases [1, 2], and some new
method is necessary. This result shows the difficult point of a classification problem
of reductive prehomogeneous vector spaces.

Introduction. In M. Sato and T. Kimura [1], all irreducible prehomogeneous vector
spaces (abbreviated irreducible P.V.’s) are classified up to castling-equivalence, and
it is proved that any irreducible P.V. is castling-equivalent to a 2-simple P.V. (or to
(SL(m) X SL(m) X GL(2), A, ® A; ® A,) with m = 2, 3). Therefore, as a step to
a classification of the general case, it is natural to classify all nonirreducible 2-simple
P.V.’s. In this paper, we shall classify all 2-simple P.V.’s of type II and give the
complete list of them up to strong equivalence in the sense of Definition 4, p. 36 in
[1]. However we need various P.V.-equivalences (cf. Propositions 1.7; 1.12; 1.34;
1.36; 1.37, Theorem 1.16 and its Corollary; Corollary 1.26, Definition 1.31, Remark
1.32) to carry out the classification, and hence, first we shall prove them. We also
investigate the regularity in some cases. Since all 2-simple P.V.’s of type I are already
classified in [3], this completes the classification of all 2-simple P.V.’s. Here we say
that (G, p, V') (or simply (G, p)) is a 2-simple P.V. if it is a prehomogeneous vector
space of the following form: G = GL(1)¥***' X G, X G, where G; and G, are
simple algebraic groups, p = the composition of the scalar multiplications
GL(1)**s** on each irreducible component and the representation p’ = p, ® p}
+ - +p,®ppt(oy+ - +0)®1+1® (1, + --- +7,) of the group G, X G,
where p,, o; (resp. p], ;) are nontrivial irreducible representations of G, (resp. G,).
We write (G, p’, V') instead of (G, p, V') for simplicity. To avoid confusion, we write
+ instead of ®. Clearly each (GL(1) X G, X G,, p;® p})) (i=1,...,k) is an
irreducible 2-simple P.V. If at least one of them is a nontrivial P.V. (see Definition
1.1), we call it a 2-simple P.V. of type I. On the other hand, if all of them are trivial
P.V’s, we call it a 2-simple P.V. of type II. In this case, we have G, = SL(n),

Received by the editors March 3, 1986 and, in revised form, July 30, 1986.
1980 Mathematics Subject Classification (1985 Revision). Primary 11R20, 11R29; Secondary 11N25,
11R18.

©1988 American Mathematical Society
0002-9947,/88 $1.00 + $.25 per page

433



434 TATSUO KIMURA ET AL.

p, = A{® (i.e., A; or AY) and 2 < degp, < n for i = 1,..., k. Here A, stands for
the standard representation of SL(n) on K" and A% its dual. In this paper, we shall
consider everything over an algebraically closed field K of characteristic zero.

The work in §§1 to 3 was done essentially around 1982. The crucial part for a
classification of 2-simple P.V.’s is §4, in particular §4.2, where we cannot use the
previous results in [1, 2], and some new idea was necessary. Namely the classification
problem of 2-simple P.V.’s has been reduced to the problem, which was open since
1982, to determine when

(GL(l)"”*’ X SL(m) x SL(n),
s k
(Alﬁm)@l +(A1 @A+ - + A ®A1)
t

+1 ®(A=;T-’-‘-TA=;)),

with km > n > m > 2 and ¢ > 1, has a Zariski-dense orbit. The solution is given by
Theorem 4.13. The key point is to investigate a castling transformation in detail by
Lemmas 4.7-4.9. Note that scalar multiplications have a delicate role in §4. For
example,

(GL(l)““' X SL(m) X SL(n),

s—1 k
P N

(A=;+A1T--—-+A1)®1+(A1®A,+ ---+A1®Al)

t—1
+1®(A=;+A1T?TTA1))
(s=1,t>1,kmznzm)

is a P.V. if and only if

(GL(m - 1) X GL(n—-1),

k+s—-2 k k+1t-2

(AIﬁAl)m +(A1®A1+ +A1®A1) +1®(A1+ +A1))
is a P.V. (see Theorem 4.18). These results show us the difficulty of the classification
of reductive P.V.’s, or even 3-simple P.V.’s. The crucial point will be to classify the
case (GL(1)* X SL(m;) X -+ XSL(m,), Xi_(p| ® --- ®p})) when any p|=
Ay, A%, or 1 (k = 3). Even the prehomogeneity of

((GL(ny) X +-» XGL(n)) X GL(n), (A; + -+ +A)) ® Ay)

is not completely known for k > 6.

Now, we shall explain about §§1-3. In §1, we investigate the prehomogeneity of
(G X GL(n), p, ® A, + p, ® A%). Some people already worked on this subject (see
Remark 1.38). We also give a proof of invariance of regularity under a castling
transformation without assuming the reductivity of the groups. Then we give some
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P.V.-equivalences in Proposition 1.34, obtained from Yasukura’s remark (Proposi-
tion 1.33). In §2, this will be used a lot, together with the results in [1, 2], to classify
the case when (GL(n),7) (7 # A, AY) is one of the irreducible components.
Although §§2 and 3 have been done before (unpublished), by using the P.V.-equiva-
lence in Proposition 1.36 (resp. Lemma 3.7), we were able to make §2 (resp. §3)
much shorter than before. We would like to express our hearty thanks to the referee
for giving a counterexample to our previous conjecture (see Remark 1.24).

1. Some P.V.-equivalences and regularity. In this section, we do not assume the
reductivity of the groups. First of all, we shall review relative invariants of a P.V.
(See §4 in [1].) Let (G,p,V) be a P.V. with the singular set S, i.e., the proper
Zariski-closed subset of ¥ such that I — S consists of a single G-orbit. A point x in
V — S is called a generic point and the isotropy subgroup G, = {g € G; p(g)x = x}
at a generic point x is called a generic isotropy subgroup. Let S,,..., S, be the
irreducible components of S of codimension one. Then there exist irreducible
polynomials f,(x) and characters x;: G = K X satisfying S, = {x € V; fi(x) =0}
and f,(p(g)x) = x,(g)fi(x) forall g€ G and x € V (i =1,...,/). In general, a
nonzero rational function f(x) on V is called a relative invariant of (G, p, V') if there
exists a character x: G —» K* satisfying f(p(g)x) = x(g)f(x) for all g € G and
x €V —S. It is known that such f can be written uniquely as f(x)=
cfi(x)™, ..., f(x)™ with ¢c € K* and (my,...,m,) € Z', and we say that
fi(x),..., fi(x) are basic relative invariants.

Now put (G), = [G,G] - G, where G, is a generic isotropy subgroup. It does not
depend on a choice of a generic point. Then the character group of G/(G), is a free
abelian group of rank /.

Now if there exists a relative invariant f(x) of (G, p, V') such that its Hessian
H (x)= det(3?%f/dx,;0x ) is not identically zero, we say that (G, p, V') is a regular
P.V. 1t is equivalent to say that the map gradlogf: V' — S — V'* is dominant for
some relative invariant f(x). Moreover, when G is reductive, (G, p, V') is regular if
and only if a generic isotropy subgroup is reductive, and it is so if and only if the
singular set S is a hypersurface (pp. 70-73 in [1]).

DEFINITION 1.1. Let p: H — GL(V') be any finite-dimensional representation of
any group H. Then, a triplet (H X GL(n), p ® A,V ® V(n))is a P.V. for all n
satisfying n > degp = dimV. We call such a triplet a trivial P.V.

LEMMA 1.2. Let (G,p,V) be a regular P.V. and (G',p’,V) a P.V. satisfying
p'(G") € p(G)(C GL(V)). Then (G, p', V) is also a regular P.V.

PROOF. By definition, there exists a relative invariant f(x) of (G, p, V) such that
its Hessian is not identically zero. Since f(x) is also a relative invariant of
(G’,p’, V), we have our result. Q.E.D.

PROPOSITION 1.3. 4 trivial P.V. (H X GL(n),p ® A,V ® V(n)) (n > dimV =
degp) is regular if and only if n = degp.

PROOF. Assume n = degp. Since (GL(n) X GL(n), A, ® A)) is a regular P.V,,
(H X GL(n), p® A;) is a regular P.V. by Lemma 1.2. Actually, we have
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gradlogdet X =X for X € V — S (see Lemma 1.21.). Now assume that n > degp
and (H X GL(n), p ® A,) is regular. Then again by Lemma 1.2., a trivial P.V.

({1} x GL(n),(1 +/-“fn‘-‘+1) ® A,V ® V(n))
= (GL(n), A} +77+A,) (m = degp < n)

is regular, which is a contradiction. Q.E.D.

DEFINITION 1.4. We call (G, p, V)= @ i’=1 (G, p;, V;) the direct sum of the triplets
(GypV)(i=1,...,)whenG=G; X --- XG,p=p;®1® --- ®1 + --- +1
® - ®l®p, V="V, @ &V, Then,itisclear that &'_ (G, p,V,)isa P.V.if
and only if all triplets (G,, p;,V;) (i = 1,...,[) are P.V.’s. In particular, if (G, p;, V})
and (G,, p,, V,) are simple P.V.’s, we obtain a 2-simple P.V. &2 (G, p;, V;) which is
called a decomposable 2-simple P.V. Here a P.V. (G, p, V) is called a simple P.V. if
G = GL(1)' X G, and p is the composition of a rational representation p’ = p;
@ --- ®p, of a simple algebraic group G, and the scalar multiplications GL(1)’ on
each irreducible component V; (V' =V, ® --- ®V,) where p;, is an irreducible
representation of G, on V, (i = 1,...,/). Such simple P.V.’s are already classified
(see §5.1).

PROPOSITION 1.5. The direct sum &!_ (G, p;, V,) is regular if and only if (G,, p,, V)
are regular P.V'sforalli=1,..., 1

PROOF. Let S; be the singular set of (G, p;, V;) for i = 1,..., /. Then the singular
set of @/_ (G,p,V) is UiV, ®--- @S, ®--- &V, and hence any relative
invariant f(x) of 69’,’=1(G,-,p,-,l/}) is of the form f(x) = fi(x;) -+ fi(x,) for x =
(x1,-.-,x,)E V, ® --- &V, where f,(x;) is a relative invariant of (G,, p,, V;) for
i=1,...,1 Since gradlog f(x) = X!_, gradlog f,(x,), we have our result. Q.E.D.

From now on, we shall deal only with indecomposable P.V.’s., i.e., k > 1 in the
Introduction.

DEFINITION 1.6. A triplet (G, p,V) is called a generalized direct sum of triplets
(G, p,V)(i=1,...,1)if G= G, X -+ XG, X GL(n),

p=(p,®1® ---®1+--+1®---®1®p,)®1 +p®A,
and
V=V, +- - +V,+ V' ® V(n)

where p: G; X -+ XG, = GL(V") is any finite-dimensional representation and » is
any natural number satisfying n > dim V. If dimV”’ = 0, it is a usual direct sum.

PROPOSITION 1.7. A generalized direct sum (G,p,V) of (G,p,V)(i=1,....01)is
a P.V. if and only if all triplets (G, p,,V;) (i = 1,...,1) are P.Vs.

PROOF. Assume that all (G, p,,V;) (i =1,...,1) are P.V’s. Let H be a generic
isotropy subgroup of @,’=1(G,, p,, V;). Then the triplet (G, p, V) is a P.V. if and only
if (HX GL(n), p|y® A, V' ® V(n))is aP.V,, and the latter is actually a trivial
P.V. The converse is obvious. Q.E.D.
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LEMMA 1.8. Let (H X GL(n), p ® A, V(m) ® V(n)) be any trivial P.V. with
m < n. If we identify V = V(m) ® V(n) with the totality of m X n matrices M(m, n),
then its singular set S is givenby S = { X € M(m,n);rank X <m — 1}, and V — S
consists of a single GL(n)-orbit.

PROOF. When
(H’ P, V(m)) = (GL(m)’ Al’ V(m))

or
m
(H,p,V(m)) = (1}, 157 F1, ¥(m)),
the set { X € M(m, n); rank X = m} consists of a single H X GL(n)-orbit, and
hence, this is so for any (H, p, V(m)) since {1} C p(H) C GL(m). Thus we have
S={X€ M(m,n);rank X < m~-1}. Q.ED.

PROPOSITION 1.9. A generalized direct sum (G, P, 17) of (G, p, V)(i=1,...,1)is
a regular P.V. if and only if each triplet (G,, p,,V;) (i = 1,...,1) is a regular P.V. and
n = dimV".

PROOF. Let S (resp. S’, ) be the singular set of @i’=1 (G, p,, V) (resp. (G, p ®
ALV’ ® V(n)), (G, 5, 7)). Then

{((x,x)e(V,®---®V)+ V' ®V(n);
xe(V,®---8V)-Sx €V ®V(n)-S)}

consists of a single G-orbit by Lemma 1.8.

Hence wehave S =S @ (V' ® V(n))UV, ® --- @V, ® S’". From here the proof
goes similarly as the proof of Proposition 1.5. by using Proposition 1.3. Q.E.D.

DEerFINITION 1.10. From any simple P.V. (G, p,V), we obtain a 2-simple P.V.
(G X GL(n),p®1+0® A,V + V' ® V(n)) where 0: G —» GL(V’) is any finite-
dimensional rational representation and » is any natural number satisfying n >
dim V’. We call such a triplet a 2-simple P.V. of trivial type. By Proposition 1.9, it is
regular if and only if » = dimV” and (G, p, V') is regular.

LemMma 1.11. (GL(1) X G, p, ® p,, V(m,) ® V(m,)) with m;, >m,>2 is a
non-P.V., where p, and p, are nontrivial irreducible representations of a simple
algebraic group G.

PRrOOF. Since p,(G) € SL(m,), we have dimGL(1) X G < m3 < mym, = degp,
® p,. On the other hand, if it is a P.V., then dimGL(1) X G > degp, ® p,, and
hence m, = m, (= m), G= SL(m) and p, ® p, = A, ® A{*). However f(X)=
det( X +'X)/det X (resp. (Tr X)™/det X) is a nonconstant absolute invariant for
X &€ M(m)=V(m;)® V(m,) when p, ® p, = A; ® A, (resp. A, ® A%) and so it
cannotbea P.V. Q.E.D.
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PROPOSITION 1.12. Let G be a simple algebraic group and consider a P.V.
(GL(1)' x G x SL(n),

(pr+ - +p) @A +(oy+ - +6)®1+1& (7 + -+ +1,))

with 2 < degp, < n (i=1,...,k), | = k + 5 + t where p;, o; (resp. 7;) are nontriv-
ial irreducible representations of G (resp. SL(n)). If degp, = n for somei =1,...,k,
then we have k = 1. A triplet

(GL(1)' """ x G X SL(n),p, ® Ay +(0y + -+ +0,) ® 1 + 1 ® (7, + -+ +1),
M(n) + V(deg(o, + -+ +0,)) + V(deg(r, + -+ +1,)))
with degp, = n, isa P.V. if and only if a triplet
(GLA)" "X Gy(o,+ - +a,) +(r + -+ +1) - pt, V, + 1)
is a simple P.V. where dimV; = deg(o, + -+ +0,) and dimV, = deg(7; + -+ +7,).

PROOF. It is clear that (GL(1)?> X G X SL(n), p; ® A, + p, ® A;) with degp, =
n is a P.V. if and only if (GL(1) X G, p, ® p%)is a P.V. By Lemma 1.11, the latter
cannot be a P.V., and we have k = 1. The last statement is obvious. Q.E.D.

REMARK 1.13. The P.V.-equivalence in Proposition 1.12 is an example of isotropic
P.V.-equivalence (see Definition 1.31). Assume that the latter triplet is a simple P.V.
If 7/ 4+ -+ +7,=0, then the former triplet is a 2-simple P.V. of trivial type
(Definition 1.10). Even if 7 + - -+ +1, # 0, we still call it a 2-simple P.V. of trivial
type.

Now let us consider a triplet

(G x GL(n), p, ® A, + p, ® A%, V(m,) ® V(n) + V(m,) ® V(n)*).

Without loss of generality, we may assume m, > m,. For simplicity, put G, = G X
GL(n), 6,=p, ® A, + p, ® A%, and W, = V(m)) ® V(n) + V(m,) ® V(n)*. We
identify V(m;) ® V(n) (resp. V(m,) ® V(n)*, V(m;)® V(m,)) with M(m,, n)
(resp. M(m,, n), M(m,, m,)).

THEOREM 1.14. Assume that (G,,0,,W,) is a P.V. with n > m,. Then a triplet

n’=n>

(G, p, ® p,,V(m;) ® V(m,)) must bea P.V.

ProOF. Define a map f: W, = M(my,n) ® M(m,,n) = V(m;) ® V(m,) =
M(m,, m,) by f(X,Y)= X'Y. Then we have f((Z]0), (1,,]|0)) = Z for any Z €
M(m,, m,) and hence the map f is surjective. Since f(p,(g)X'h, p,(g)Yh™') =
p1(g)NX'Y)p,(g) for all (g, h)€ G, =G X GL(n), the map f is G X GL(n)-
equivariant, and hence, in view of Lemma 5, p. 36 in [1], we obtain our assertion.
Q.E.D.

PROPOSITION 1.15. Ler p, and p, (resp. p) be irreducible representations of a
simple algebraic group G, (resp. G,) satisfying min{degp,degp,} > degp, > 2.
Then (GL(1)> X G, X G,, p; ® p + p, ® p*) isnota P.V.
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PROOF. If it is a P.V,, then (GL(1)? X G, X GL(n), p; ® A, + p, ® A*)is also a
P.V. for n = degp. By Theorem 1.14, (GL(1) X G, p; ® p,) must be a P.V. This is a
contradiction by Lemma 1.11. Q.E.D.

THEOREM 1.16. If a triplet (G, p, ® p,, V(m;) ® V(m,)) is a P.V., then a triplet
(G,,0,,W,) isalsoa P.V. forany n > m,. Moreover, if Z € M(m,,m,) = V(m;) ®
V(m,) is a generic point, then x = ((1,, |0), (Z|0)) € W, = M(my,n) & M(m,, n)
is a generic point of (G,,0,, W,).

PROOF. It is enough to show the last statement. Let & (resp. &,) be the Lie

algebra of G (resp. G,). Then the isotropy subalgebra (8,), of &, at X = (7, |0)
is given by

IR e

;A€ ®, Be M(my,n — m,),

ceM(n-m)

and it acts on Y = (‘Z|0) as Y - (‘[dp(A)Z + Z'dp,(A)]| —'ZB). Since rank
Z = m,, we have ~'ZF = (I, |0) for some F € GL(m;). Then, for any W €
M(m,, n — m;), we have —'ZB = W with
W
p-r(%)
This implies that do,(®,)(x)= W,, ie, x is a generic point of (G,,o,, W,).
Q.E.D.

COROLLARY OF THEOREM 1.16. Assume that n > max{m,, m,}. Then a triplet
(G x SL(n),p, ® A, + p, ® AL, V(m,) ® V(n) + V(m,) ® V(n)*)
is P.V.-equivalent to the triplet (G, p; ® p,, V(m;) ® V(m,)).
PROOF. It is enough to show that the prehomogeneity of (G X GL(n),p; ® A, +
p, ® A¥) implies that of (G X SL(n), p; ® A; + p, ® A%). Any element B of
GL(n) can be written as

B=B(')(I"‘1 with By € SL(n).

0 detB)

Then we have

(r(A)(1,,,10) ‘B, p,(4)(Z10)B™) = (p,(4)(L,, 10) By, p2(4)('Z10) B;')

for any g = (4, B) € G X GL(n) where x = ((,,, |0), ("Z|0)) is a generic point of
(G,,0,, W,) in Theorem 1.16, and hence we obtain our result. Q.E.D.

Now assume that (G, p, ® p,, V(m;) ® V(m,)) is a P.V. We shall study relative
invariants of (G,, a,, W,) for n > m, (> m,). Let [ (resp. /,) be the number of basic

relative invariants of (G, p, ® p,, V(m;) ® V(m,)) (tesp. (G,, o,, W,)).
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LemmMma 1.17. (1) If f is a relative invariant of (G, p, ® p,, V(m,) ® V(m,)), then
F(X,Y)= f(X'Y) for (X,Y)€ W,= M(m,,n) ® M(m,, n) is a relative invariant
of (G, 0,,W,).

Q)i<l, <+ 1

PrROOF. (1) Since o,(g, h)(X,Y) = (p,(g) X'h, p,(g)Yh™!) for (X,Y) € W,, we
have X'Y = p,(g)X(X'Y)’p,(g) for any (g, h) € G X GL(n). Hence we obtain our
assertion.

(2) The map f— F in (1) is injective since F(X,,Y,) = f(Z) for any Z €
M(m, m,) = V(m,) ® V(m,) with X, = (1, |0) and Y, = ("Z|0). Hence we have
I < [,. Since [GL(n),GL(n)] = SL(n), we have (G,); D (G); X SL(n) and hence
G,/(G,), € G/(G); X GL(1). Since / (resp. /,) is the rank of the character group of
G/(G), (resp. G,/(G,);), wehave [, < [+ 1. Q.E.D.

ProPOSITION 1.18. (1) If n > m; (> m,), we have [, = I, namely, all relative
invariants of (G,,0,, W,) are obtained in the way of (1) in Lemma 1.17.

) Ifn=m, (> m,), wehavel, =1+ 1, and F(X,Y) = det X for (X,Y)€E W,
is also a relative invariant of (G,, 0,, W,).

PROOF. (1) It is clear that the generic isotropy subgroup of G, at the point
x = ((1,,10),("Z]0)) € W, (see Theorem 1.16) contains

I, |0
{({1}, (L’;)) A€ GL(n- ml)} = GL(n — m,).
014

Hence, if n > m,, then
(G,), = (G,),-{[G.G] X SL(n)} = (G), X GL(n)
and hence G, /(G,), = G/(G),. This implies /, = /.

(2) It is clear that F(X,Y) = det X is one of the basic relative invariants, which is
not of the form f(X'Y). Hence we have / < /,. By (2) of Lemma 1.17, we have
l,=1+1. QE.D.

Now we shall investigate the regularity of (G,,, o,, W, ). We denote the Zariski-dense
orbit in V(m,) ® V(m,) = M(m,, m,) (tesp. W,) by M(m,, m,) (resp. W!). We
identify M(m,, m,) (resp. W,) with its dual in the natural way.

Let f be a relative invariant of (G, p, ® p,, M(m, m,)) and put ¢ = gradlog f:
M(m,, m,) - M(m,, m,). Since we have

D ey ()
s = T (o),

ij k=1

and

f \( v
aT)(X Y) : xxj

st

a . B ny
aytj S(x) = sgl(

(i=1,....m;t=1,...,my j=1,...,n), weget
(1.1) ®(X,Y)=gradlog F(X,Y) = (¢(X'Y)Y,'9(X'Y)X)
for the relative invariant F(X,Y) = f(X'Y)on W, where (X,Y) € W,.
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LemMMA 1.19. Let (G, p, V) be a P.V. with the singular set S. For any a € K*, we
have ax € V — S forany x € V — S.

PROOF. Since dp(A)x = 0 if and only if dp(A)ax = 0 for 4 € & = Lie(G), we
have &, =&, = {4 € @; dp(A)x = 0} and hence ax is a generic point when x
is a generic point. Q.E.D.

PROPOSITION 1.20. Assume that n > m; (= m,).

1) If my = m,, then (G, p; ® p,,V(m,) ® V(m,)) and (G,,0,, W,) are regular
P.V’s.

2) If n = my and (G, p; ® p,, V(m,) ® V(m,)) is aregular P.V., then (G,,0,, W,)
is also a regular P.V.

PROOF. (1) Put m = m; = m,. Since (GL(m) X GL(m), A; ® A;, M(m)) is a
regular P.V., a P.V. (G, p; ® p,, M(m)) is also regular by Lemma 1.2. Similarly, if
we show that a triplet

(GL(m) x GL(m) x GL(n),

A®1®A +1® A, ® A%, M(m,n) ® M(m,n))
is a regular P.V., we get the regularity of (G,,o,, W,). However, the isotropy
subalgebra at ((1,,|0), (1,,]0)) (cf. Theorem 1.16) is

{(A,—'A, (—(;A 2)); A €gl(m), Begl(n- m)} = gl(m) ® gl(n — m)

which is reductive, and hence our P.V. is regular.
(2) For a natural number m, put

®,(X,Y)=gradlog{(det X)” - F(X,Y)} = ®(X,Y) +(m'X",0)
(see Lemma 1.21). By (1.1), for a generic point (X, Y,) € M(n) ® M(m,, m,)
(n = m,), we have

q’m(P1(8)Xo’h» Pz(g)Yoh—l) = ('Pil(g)Woh'_l’ ’Pﬁl(g)'qb(zo)lhl)
where (g, h) € G,= G X GL(n), Z,= X,'Y, € M(m,, m;), h’' = h'X, € GL(n),
and W, = ml, + ¢(Z,)Z, € M(n). If m is sufficiently large, we have det W, # 0
and for any given X € GL(n), there exist g € G and h’ € GL(n) (hence h €
GL(n)) such that o' (g)W,h"™' = X, ie., k' = X! ;' (g)W,. Hence ®,, is domi-
nant if and only if {7'(g)W,9(Z,)p3'(g); g§ € G} is Zariski-dense in M(m,, m,),
namely, W,¢(Z,) is a generic point of (G, (p; ® p,)*, M(m,, m,)). By assumption,
$(Z,) is a generic point and hence ¢(Z,) + (1/m)d(Z,)'Z,(Z,) is also a generic
point for a sufficiently large m. By Lemma 1.19, W,¢(Z,) is a generic point for such

m. This implies ®,, is dominant for sufficiently large m and (G,, 6,, W,) is regular.
Q.E.D.

LEMMA 1.21. Let f be a relative invariant of a P.V. (H X GL(m,), p ® A,,
V(my) ® V(my)) withm; > m, > 1. By (X,Y) = Tr'XY for X, Y € M(m, m,) =
V(m,) ® V(m,), we identify M(m,, m,) with its dual. Put $(Z) = grad log f(Z) €
M(m,, m,). Then we have 'Z$(Z) = rl,, , with r = (deg f)/m, for any generic point
Z in M(m,, m,). Hence rank $(Z) = m,. In particular, when m, = m, and f(Z) =
det Z, we have ¢(Z) ='Z"".
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PROOF. Since f is a relative invariant, there exists a character x of H and an
integer r satisfying f(p(h)Z'B) = x(h) - (detB)" - f(Z) for g=(h,B)€ H X
GL(m,) and a generic point Z in M(m,, m,). Then we have r = (deg f)/m, since
f(Z'B) = s%2/f(Z) and (det B)" = s"™ for g = (1,51, ). By (2) of Proposition 9,
p. 62 in [1], we have TrA("Z¢(Z)) = (Z'A,$(Z)) = rTr A for all 4 € gl(m,) and
hence 'Z¢(Z) = rl,,, with r = (deg f)/m,. Q.E.D.

PROPOSITION 1.22. (1) If n > m, > m,, then (G,,0,, W,) is a nonregular P.V.

(2) Assume that n = my > m, and (G, p, ® p,, M(m,, m,)) is a nonregular P.V.
which satisfies at least one of the following conditions (1)—(iv). Then (G,,0,,W,) is a
nonregular P.V.

(i) G = reductive.

(i) G = H X GL(m,), p;: H —» GL(m,) and p, = A, where H is not reductive.

(iii) rank ¢(Z) < m, for any relative invariant f where ¢(Z) = grad log f(Z) €
M(m,, m,).

(iv) The dual (G, (p; ® p,)*, M(m,, m,)) is a non-P.V.

PROOF. (1) Since rank ¢(X'Y) < m, < m, in (1.1), ®( X, Y) cannot be dominant.
Hence (G,, 0,, W,) is not regular by (1) of Proposition 1.18.

(2) (1) The generic isotropy subgroups of (G, p; ® p,, M(m;, m,)) and (G, 0,, W,)
are isomorphic. Hence their reductivity is equivalent to the regularity when G is
reductive.

(i1) We use the same notation as in the proof of (2) in Proposition 1.20. The P.V.
(G,,0,,W,) is regular if and only if ®,, is dominant for some m, and it is so if and
only if Wy¢(Z,) = mop(Z,) + ¢(Z,)'Z,¢(Z,) is a generic point for some m, where
¢(Z,) is a nongeneric point. By Lemma 1.21, we have W;¢(Z;) =
(m + (deg f)/m,)¢d(Z,), which is not a generic point for any m. Note that we may
assume that the dual of (G, p; ® p,) is a P.V. since otherwise we deal in the case (iv).
Hence (G,, 0,, W,) is not regular.

(iii) Since @,(X,Y) = ($(X'Y)Y + m'X", ‘$(X'Y)X) and rank ‘(X'Y) < m,,
the map ®,, cannot be dominant.

@v) If (G,,0,, W,) is a regular P.V., then its dual is also a regular P.V. However,
the dual is a P.V. if and only if(G,(p; ® p,)*) is a P.V. and hence we obtain our
assertion. Q.E.D.

ExaMPLE 1.23. Consider the following P.V.’s, (G, p; ® p,, M(m,, m,)).

(A) (Sp(n) X GO(3), A, ® A, M(2n,3)).

(B) (Tr,(m;) X GL(m,), A, ® A, M(m,, m,)) where Tr,(m,) denotes the upper
triangular matrix group of degree m, (= m,).

© (5 2 a #0), Ay, M(2,1))

Then (A) (resp. (B); (C)) satisfies the conditions (i) and (iit) (resp. (ii); (ii), (iii) and
(iv)) in Proposition 1.22.

REMARK 1.24. Let (G, p; ® p,, M(m,, m,)) be a P.V. with a relative invariant f.
Put

0(2) - | g 1L ()] 0z = (z) MO ma)
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In the case of Lemma 1.21, ¢(Z)'Z¢(Z) coincides with ¢(Z) up to a constant
multiple. However, this is not true in general. Counterexample: m, = m + 1,
my,=m3>2, G=GL(m)XGLQ1)X SO(m), p,=A,®1®1+1® A, ®1, p,
=1®1® A, f(Z)=(detX)(yf + --- +y2)for Z=[]e M(m +1,m) (X €
M(m), y € V(m)).

Now let us consider a triplet (G,,o,, W,) when m; > n. For an element X of
M(m,, n), we denote by (X) the vector subspace of V(m,) spanned by column
vectors of X. If rank X = n, then (X) is an element of the Grassmann variety
Grass,(V(m,)).

THEOREM 1.25. Assume that m, > n. Then the following conditions are equivalent.
M (G,,0,,W,)isaP.V.
(2) A variety

U";f{«X), X'Y) € Grass, (V(m,)) ® M(m,;, m,);

(X,Y) € W,=M(m,n) ® M(m,,n), rank X = n, rank Y = min{n, m,}}
is G-prehomogeneous, i.e., U has a Zariski-dense G-orbit.

(3) () (G X GL(n), p; ® Ay, M(my,n))isa P.V., and (i) (Gyy, P1 ® (P21 Gewy),
(W) ® V(m,)) isa P.V. where W € M(my, n) is a generic point of (i) and Gy is
the isotropy subgroup of G at (W) € Grass,(V(m,)). Here p, is the representation of
Gwy on (W) induced by p.

PROOF. Put
U'={(X,Y)e W,=M(m,n)®&M(m,,n);
rank X = n,rank Y = min{n, m, }}.
Then (G,,0,,W,) is a P.V. if and only if U’ is a G X GL(n)-prehomogeneous
variety. Define a map ¢: U' > U by o(X,Y)=((X), X'Y) for (X,Y)e U
Clearly it is surjective and G X GL(n)-equivariant where GL(n) acts on U trivially.
In view of Lemma 5, p. 36 in [1], to see the equivalence of (1) and (2), it is enough to
show that each fiber of ¢ is GL(n)-homogeneous. Assume that ((X), X'Y) =
X"y, X''Y"). Since (X) = (X’), we have X’ = X'B for some B € GL(n), and
hence 0 = X’'Y’ — X'Y = X('B'Y’ —'Y). Since rank X = n, we have Y’ = YB™,
ie, (X', Y'Y= (X'B,YB™') for some B € GL(n). Now define a map ¢: U —
Grass,(V(m,)) by Y({(X), X'Y) = (X). Clearly it is surjective and G-equivariant.
By p. 37 in [1], the Grassmann variety Grass,(¥(m,)) is G-prehomogeneous if and
only if (i) holds. Since the fiber
yI(WY) = {XIY € M(my,m,) = V(m,) ® V(m,);

rank X = n,rank Y = min{n, m,}, (X) = (W)}
is isomorphic to (W) ® V(m,), we have the equivalency of (2) and (3). Q.E.D.

COROLLARY 1.26. Assume that m, > m, > n. Then (G,,0,,W,) is a P.V. if and
only if
(1) (G X GL(n), p; ® Ay, M(my,n)) isa P.V.
(i) (Gep,y X GL(n),p5|Gey,y ® Ay, M(my, n)) isa P.V.
(i11) (G, wyys P ® By, (W1) ® (Wy)) isa P.V.
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Here W, € M(my, n) (resp. W, € M(m,, n)) is a generic point of (i) (resp. (ii)) and
Giw, w,, Is the isotropy subgroup of G at ({(W;)(W,)) € Grass,(V(m,)) ®
Grass,(V(m,)). Here p, ® p, is the representation of Gy y., on (W) ® (W)
induced by p, ® p,.

PROOF. By the proof of Theorem 1.25,
U” = {({X),(Y), X'Y) € Grass,(V(m,)) & Grass,(V(m,)) ® M(m,, m,);
rank X = rank Y = n}

is isomorphic to U= {({(X), X'Y)}. Define a map f: U” — Grass,(V(m;)) ®
Grass,(V(m,)) by f({X),(Y), X'Y)=({(X),{(Y)). Clearly it is surjective and
G-equivariant. Note that Grass,(V(m,)) ® Grass,(V(m,)) is G-prehomogeneous if
and only if (i) and (ii) hold. Since a fiber f }((W,), (W,)) = (W,) ® (W,), we have
our result by Lemma 5, p. 36 in [1]. Q.E.D.

Finally we <hall prove the invariance of regularity under a castling transformation
without assuming the reductivity of a group. It is enough to prove that if a triplet
(G X GL(n),p ® A;,V(m)® V(n)) (m>n > 1) is a regular P.V,, then a castling
transform (G X GL(m — n), p* ® A, V(m)* ® V(m — n)) is also a regular P.V.
Here we do not assume that G is reductive, but we may assume that p(G) C SL(m)
and p*(G) € SL(m) without loss of generality. By (X,Y) = TrX'Y for X, Y €
M(m, n), we identify V(m) ® V(n) = M(m, n) with its dual. Take a generic point
X, in M(m,n) = V(m) ® V(n). Let f be a nondegenerate relative invariant and x
its corresponding character. Put Y, = grad log f( X;). Then, by Lemma 1.21, we
have ‘XY, = ((degf)/n)1,. Put Yy = (n/(deg f))Y, and P = XY, € M(m).

LEMMA 1.27.(1) P2 = P,(2) TrP = n, (3) Trdp(A)P = (n/(deg f))8x(A) for all
A € ® = Lie(G).

PROOF. (1) and (2) are obvious. By (2) of Proposition 9, p. 62 in [1], we have
Trdp(A)P = (dp(4) Xy, Yy)

n n
= degf(dp(A)XO,grad log f( X)) = @8){(A) ford € . Q.E.D.
Since PX, = XY/ X, = X, and dim P(V(m)) < dim ‘Y (V(m)) < n, we have
P(V(m)) = {X,) and it is a generic point of (G, Grass,(V(m))).

Now we define the adjoint P* of P by (PX,Y) = (X, P*Y) for X,Y € M(m, n).
Clearly we have P* ='P € M(m). Similarly, since P*Y, ='PY, = Y/'X, Y, = Y/
and Y is a generic point of (G X GL(n), p* ® A%, M(m, n)), P*(V*(m)) = (Yy)
is a generic point of (G, Grass,(V(m)*)).

Lemma 1.28. (1) (1,, — P)(V(m)) = P*(V*(m))*,
(2) (1, — P*)(V*(m))= P(V(m))*.

PROOF. For any x € V(m), we have 'Y Px ="Y X,/Y)x =Y x, e, 'Y (I, — P)x
= 0. Since P*(V *(m)) = (Yy), P*(V *(m)) annihilates (/,, — P)(V(m)) and hence
(1,,— P)V(m))C P*(V*(m))*. Since both sides have dimension m — n, they
coincide. (2) is similarly obtained as (1). Q.E.D.
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LEMMA 1.29. Put Q* = I, — P* and Q = (Q*)*. Then we have (1) Q** = Q*,
(2) TrQ* =m —n, (3) Trdp*(A)Q* = (n/(deg [))dx(A) for A€ G, (4
Q*(V*(m)) is a generic point of (G,Grass,,_,(V*(m))), (5) Q(V(m)) is a generic
point of (G, Grass,,_,(V(m))).

PRrOOF. (1) and (2) are obvious. Since p*(G) C SL(m), we have Trdp*(A4) = 0 for
A € &, and hence

Trdp*(4)Q* = ~Trdp*(A)Y{'X, = —(Xo,dp*(A)Y’)
= (dp(A4)X,,Yy) = 8x(A) ford €@,

i.e., (3). For (4), by (2) of Lemma 1.28, Q*(V*(m)) = P(V(m))* = (X,)* and
hence it is a generic point of (G, Grass,,_,(V*(m))). Similarly we obtain (5).
Q.E.D.

Since dim @Q*(V *(m)) = m — n, by taking basis, we can express Q*: V*(m) —
Q*(V*(m)) (resp. Q*(V*(m)) = V*(m)) by ‘Z, (resp. W,) for some Z,, W, €
M(m, m — n). Then we have Q* = WyZ, and ‘ZW, = I,_,. Since Q*W, =
and rank W, =m — n by ‘ZW, = I,,_,, we have Q*(V*(m)) = (W,). Hence, by
(4) of Lemma 1.29, (W) is a generic point of (G, Grass,,_,(V *(m))). This implies
that Wy, € M(m, m — n) = V(m)* ® V(m — n) is a generic point of

(G X GL(m — n), p* ® A, V(m)* ® V(m — n))
Since Q ='Q* = Z('W, and QZ, = Z,, we have Q(V(m)) = (Z,) and hence Z,, is
a generic point of (G X GL(m — n), p ® A%, V(m) ® V*(m — n)). Now we have
(dp*(A)W, + WyB, Zy) = Trdp*(A)WyZ, + Tr'B'Z,W,
= Trdp*(A4)Q* + Tr'B

=3 gfb‘x(A) +TrB forall(4,B) € & & gl(m — n).

Let F be a relative invariant of (G X GL(m — n), p* ® A, V*(m) ® V(m — n))
corresponding to f (see Proposition 18, p. 68 in [1]). Then its infinitesimal character
is given by

deg F
(m—n)

(cf. the proof of Lemma 1.21). Since (deg F)/(m — n) = (deg f)/n by p. 68 in [1],
we have

dx(A4) + —=—=TrB for(4,B) e & & gl(m — n)

(dora)Wo + Wi, 98/ 7,  grad log F(#,)) = 0
for all (4, B) € & & gl(m — n). Since W, is a generic point, we have .
{dp*(A)W, + WyB; (4,B) € ® & gl(m — n)} = V(m)* ® V(m — n).

Hence grad log F(W,) = ((deg f)/n)Z,, which is a generic point. This implies
that the map grad log F is dominant and (G X GL(m — n), p* ® A,, V(m)* ®
V(m — n)) is a regular P.V. Thus we obtain the following theorem.
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THEOREM 1.30 (M. SaT0 AND T. KIMURA). The regularity of P.V.s is a property
invariant under a castling transformation.

DEFINITION 1.31. Assume that (G,p;,V;) is a P.V. with a generic isotropy
subgroup H. Then a triplet (G, p, ® p,,V; ® V,)isaP.V.ifand onlyif (H, p,| g, V)
is a P.V. by Lemma 5, p. 36 in [1]. Sometimes we say that (G, p, ® p,,V; ® V,) and
(H, p,| . V,) are isotropic P.V.-equivalent to each other.

REMARK 1.32. Let (G, p;, V;) be a P.V. with a reductive generic isotropy subgroup
H. Then a triplet (G, p, ® p,,V; ® V,)isa P.V.if and only if (G, p, ® p%,V; & V,*)
is a P.V. We say that they are reductive P.V.-equivalent. Their generic isotropy
subgroups are isomorphic to each other.

PROPOSITION 1.33 (O. YASUKURA). (GL2m + 1) X H, A, ® 1 + p ® o' (resp.
AY® 1+ p®p))isaP.V.ifand only if (Sp(m) X GL2m + 1) X H, A, ® A, ®
1+1®p®p (resp. A,®Af®1+1®p®p))isalP.V.

PROOF. Since the GL(2m + 1)-part of generic isotropy subgroups of (Sp(m) X
GL2m + 1), A, ® A, (resp. A, ® A¥)) and (GL(2m + 1), A, (resp. A%)) coin-
cide, we get our result. Q.E.D.

ProPOSITION 1.34. (1) If (GXGL2m+1),p® A +1® A5 +0®1) is a
P.V., then (G X Sp(m),p® Ay + 0 ® 1) is also a P.V. Moreover, they are P.V .-
equivalent when degp < 2m + 1.

(2) Assume that degp < 2m + 1. Then (GX GL2m +1),p® A, +1® A, + o
® 1) is P.V.-equivalent to (G X GL(degp — 1), p* ® A; +1® A, + 0 ® 1).

PRrOOF. (1) is an immediate consequence of Proposition 1.33, Theorems 1.14 and
1.16. For (2), by Proposition 1.33, it is P.V.-equivalent to

(Gx Sp(m)XGL(2m+1),(p®1+1®A)®A, +0011),
which is castling equivalent to
(G x Sp(m) x GL(degp — 1), (p*® 1+ 1® Af)® A +0®1®1).
By Proposition 13, p. 40 in [1], we have our result. Q.E.D.
PROPOSITION 1.35. Assume that
(GL(1)*™ " x G x SL(n), p® A, + (0, + --- +0,) ®1
+1@ (At + 1 + - +1,))

(m = degp < n)
isaP.V. Then

(GL(Q)***" x G x SL(n),
p®A +(p+o,+ - +0)®1+1®(r + - +1,))

must be a P.V.
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PROOF. Let x = ((1,,]0), y, z) be a generic pointof p ® A; + (o, + -+ +0,) ® 1
+1® (7, + --- +1,). Then the G X SL(n)-part of the isotropy subalgebra § is
given by

{(A,B)lB = (_ld‘;ﬂ‘ig),d(o1 + - 40)(A4)y+gl(1)° -y =0,

d(mp+ - +7)(B)z + gl(1)' -z = 0}.

Since gl(1) + A*(B) induces
(dp(A) 0

-'C | -'D

we have our result. Q.E.D.

X, *

) - o)

PROPOSITION 1.36. Assume that degp =2n+ 1 < 2m + 1. Then
(GL(1)*** x G x SL(2m + 1),
pP®A +(0y+ - +0)®1+18 A, +16 A%
is P.V .-equivalent to

(GL(l)zH X G, N(p)*+p+o,+ - +o )

((I2”+‘0)’ (—)'(Y ;))

be a generic pointof p ® A; + 1 ® A,. Then we have det Z # 0. By the action of

PROOF. Let

Ly | -YZ7!

{1} x

we may assume that Y = 0. Then the G X GL(2m + 1)-part of the isotropy sub-
group at this point is given by

{(A, (L(()"‘)_’,z); A €G,(GL(1) X)A5(p)(A)X = X, B & Sp(m — n)}.

! O B 0 ’B 1

and (Sp(m — n), A%)is a P.V., we have our result. Q.E.D.

€ G X SL2m + 1),

0 2m—-2n

PROPOSITION 1.37. If G is reductive and degp = 2n’ < 2m + 1, then
(GL()™* X G X SL@m+1),p® A, +1® A, + (0, + - +0,) ® 1)
is P.V.-equivalent to

(GLO)" X G X SL@m+1), p® A, +1® A, +(0, + --- +0,)* ® 1).
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PrOOF. By (2) of Proposition 1.34, it is P.V.-equivalent to
(GL(1)** x GX SL(2n" = 1), p® A, + 1@ Ay + (o) + -+ +0,)* ® 1).
By Proposition 1.33, it is P.V.-equivalent to
(GL(1)*** x G x Sp(n’ = 1) X SL(2n" - 1),

(o, + - +0)*®181+(p®1+1®A,)®A).
Since 2n’ + 2(n’ — 1) = 2n’ — 1) = 2n’ — 1, it is castling-equivalent to
(GL(1)*** x G x Sp(n’ = 1) x SL(2n" = 1),

(0,+ - +0)®1®1+(p®1+1®A,)®A).

Hence we obtain our result. Q.E.D.

RemArk 1.38. In 1971, Mikio Sato gave the P.V.-equivalence of (G, p; ® p,,
V(m,) ® V(m,)) and (G, 0,, W,) for n > max{m,;, m,} in his lecture held at the
University of Tokyo (Theorems 1.14, 1.16). The P.V.-equivalence of (1) and (2) in
Theorem 1.25 for m; > n > m, was obtained by Yasuo Teranishi and Sigehumi
Mori independently in 1976. For m; > m, > n, they also showed that (G,, 6,, W,,) is
a P.V. if and only if U” (in the proof of Corollary 1.26) is G-prehomogeneous. In
1985, M. Taguchi pointed out that U’ = U and got a result similar to the one for
m, = n > m,. In 1985, Masaki Kashiwara pointed out to T. Kimura the equivalence
of (2) and (3) in Theorem 1.25, and Corollary 1.26.

2. The case for (7,,...,7,) # (A%,..., A{®). In the rest of this paper, we shall
classify all 2-simple P.V.s by using the P.V.-equivalences obtained in §1. All
2-simple P.V.’s of type I have already been classified [3]. Therefore, to complete the
classification, it is enough to classify all 2-simple P.V.’s of the following type, which
is called type II. Namely, we shall consider

(GL(1)*"*" x G, x SL(n), p, ® AL + - +p, ® AL

+(o,+ - +0)®1+1®(1 + -+ +7,))
with 2 < degp, < n (i =1,...,k), where G, is a simple algebraic group and A{*
stands for A, or its dual A%. By Proposition 1.15, we may assume that
Py ®A(1*)+ 4, ® A(l')= (Pl + .- +Pk)®A1

without loss of generality. Then we may also assume that 2 < degp, < n for all
i=1,...,k by Proposition 1.12 and Remark 1.13.

In this section, we shall consider the case when (r + --- +7,)# (A{®
+ -+ +A{®). We may assume that 7, # A{*). Then, by [1], 7, must be one of A},
2A or AY¥) (n=6,7,8). We may omit the case 7, = 3A; with n =2 since
n > degp, > 2(i = 1,..., k) by our assumption.

THEOREM 2.1. If 7, = AY) with n = 2m (resp. 2A{®) with any n, AY withn = 7),
then

(GL(1)' x G, x SL(n), (py + -+ +p,) ® A,

+(oy+ +0)®1+1&(r + -+ +1,))
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is a 2-simple P.V. of type Wifand only if 7, + -+ +1,= A{® + -+ + A{* and
(GL()' ' X HX Gy, p®(py + -+ +p;)
+((AP+ - +A®) - p)®1+18(0, + -« +0,))

is a 2-simple P.V. of type 1 where (H,p)= (Sp(m),A;) (resp. (SO(n), A;),
(Gy),Ay)))andl =k + s+ t.

PROOF. Since the generic isotropy subgroup of (GL(2m), A9, V(2m? — m))
(resp. (GL(n), 2A{®, V(n)), (GL(7), AY”, V(35)) is Sp(m) (resp. O(n), (G,)) (see
p. 76 (resp. p. 75, p. 86) in [1]), we have our result. Q.E.D.

When n = 8, we have 7, # A;, namely, we have the following proposition.

PROPOSITION 2.2. A triplet (GL(1)*> X G; X SL(8), p® A; +1® A, V(d) ®
V(8) + V(56)) withd = degp < 7, is a non-P.V.

PROOF. We may assume that (G, p) = (SL(d), A,) since p(G,) C SL(d). If it is
a P.V,, then we have dimG = d? + 64 > dimV = 84 + 56 (2 < d < 7) and hence
d = 7. In this case, a castling transform (GL(1)? X SL(8), A* + A;, V(8)* + V(56))
of this triplet is not a P.V. by [2]. Thus we have our result. Q.E.D.

Now let us consider the case when n = 6 and 7, = Aj.

LEMMA 2.3. Assume that (GL(1)2 X G, X SL(6), p; ® A; +1® A;) with 2 <
degp, <5, is a P.V. Then (G,,p,) must be one of (SL(2),A,), (SL(4),A)),
(Sp(2), Ay) or (SL(5), Ay).

PROOF. Since 2 < degp; < 5 and G, is a simple algebraic group, (G, p;) must be
one of the ones above or (SL(3), A;), (SL(2),2A,) = (SO(3), A,), (SL(2),3A,),
(SL(2),4A,), or (Sp(2), A,) = (SO(5), A,). By p. 80 in [1],

(GL(1)* x G, x SL(6), p, ® A, + 1 & A,)
and
(GL(1) X G; x SL(3) X SL(3), A, ®(p; ® A, ® 1+ p, ® 1 ® A,))

are P.V.-equivalent. When degp, = 2, then the latter is a P.V. of trivial type. When
deg p, = 3, then the latter representation space can be identified with V' = M(3) ®
M(3) and f(x) = (det X)-(detY)! for x = (X,Y) € V is a nonconstant absolute
invariant, and hence, it cannot be a P.V. When deg p, = 4, it is P.V.-equivalent to a
castling transform (GL(1) X G;, A, ® (pf + p¥)) of the latter space. Hence,
(G1,p1) # (SL(2),3A,) and (G, py) = (Sp(2), A,) or (SL(4), A,;) when deg p, = 4.
When degp; = 5, then dimG > dimV in the latter space implies that dimG, > 13
and hence (G, p;) # (SL(2), 4A,), (SO(5), A,). When (Gy, p;) = (SL(5), A,), a
castling transform (GL(5) X (SL(2) X SL(2)), A; ® (A, ® 1 +1® A})) of the
latter space is a trivial P.V. Q.E.D.

THEOREM 2.4. All nonirreducible 2-simple P.V.s of type 11 which contain (GL(1)?
X SL(2) X SL(6), A, ® A| + 1 ® A,) as their component are given by

(2.1) (GL(1)’ x SL(2) X SL(6), A, ® A, + 1 ® A, + 1 ® A%)
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and

(GL(1)*** x SL(2Q) X SL(6), A, ® A, + (0, + -+ +0,)® 1

+1® A;) where (GL(1)° X SL(2), o, + -+ +o0,) is a sim-
(2.2) ple PV, ie,0<s5<3;s=1,0,=A,, 2A,, 3A;; s =2,

o, +o,=A + A, 2N+ Ay s=3,0,+0,+0;=A, +

AL+ AL

PRrROOF. By dimension reasons, we have k = 1,ie, A; ® A; +1® A; + p, ® A,

(p,#1isnotaPV.IfA;® A +1®A;+1®(1y + --- +1,)isaP.V, then we
have t =1 and 7, = A; or A% also by dimension reasons. The 81(6)-part of the
generic isotropy subalgebra h of A; ® A; + 1 ® A, at (1,0|1,0), e; A e, A ey +
e, N es A eg) s given by

A 0
h={|2 |A1=(i"*B)aA2=(A < ),Aegr(z);B,creK2 .
0| 4, 01 —Tr4 01 _Tr4

Hence, the standard action of h on K°® is nonprehomogeneous since f(x) = x;xg’
for x = ¥x,e; € K® is a nonconstant absolute invariant. However, its dual action is
prehomogeneous. For example, e, + e5 is a generic point. In this case, i.e., A; ® A,
+1® A;+1® A%, the SL(2) part of the generic isotropy subgroup is {1}, and
hence A\, ® A;,+1® A;+1® AY+0®1 is a non-P.V. for any o # 1. Since
(GL(1) X SL(6), A, ® (A;+ A, + A))) is a P.V. (see p. 100 in [2]), (GL(1)? X
{I,} X SL(6), A, ® A, + 1 ® A;)is a P.V. and hence we obtain the latter part.
Q.E.D.

THEOREM 2.5. All nonirreducible 2-simple P.V.s of type 11 which contain (GL(1)?
X SL(4) X SL(6), Ay ® A, + 1 ® A;) as their component are given by

(2.3) A®A +1®A;+0®1 where o =AY, AP or AY + A%,
(2.4) A®A +1®A,+1®A,.

PROOF. By the proof of Lemma 2.3, A, ® A, + 1 ® A; + (o, + -+ +06)®1is
a P.V.if and only if

(GL(1)'™ x SL(4), A, ® (At + AY) +(0, + --- +0,))
is a P.V. and hence o, + - -- +o, is one of A%, AY®, At + A% (see §3 in [2]). Note
that
(GL(1)* x SL(4), A, ® 1®(Af + At) +1® A, ® A, V(4)* + V(4)* + v(4))
is not a P.V. since f(x) = (x;, p) - (x5, p)7" for x = (x;, x5, y) € V(4* + V(4)*
+ V(4) is a nonconstant absolute invariant. Now A, ® A; +1® (A; + 7,
+ .-+ 41, is a castling transform of
(GL()**' x SL(2) X SL(6), A, ® A, + 1 ®(Ay+ 7 + - +1)),

by Theorem 2.4, we have ¢t = 2 and 7, = A,. By the reasons above and dimension
reasons, if Ay ® A;+1®A;+1® A, + (o, + - +0,)®1 is a P.V,, then o,
+ -+ 40, must be AY. Now

(GL(1)* x SL(4) X SL(6), A, ® A, + 1 ® A; +1® A, + AT ® 1)
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is isotropic P.V.-equivalent to

SL(3)| 0

A @A +18A +AT®1
0 | SL(3)

GL(1)’ x SL(4) x(

which is castling-equivalent to

L(2)

GL(1)3><SL(4)><S AMOA+10A +AT®1
0o |sL)) ! L

Similarly as Proposition 1.12, it is P.V.-equivalent to

SL(2) . 0
0 SL(2)

The action is given by X — (adx, aBy, 847z, B'B 'w) for X = (x, y,z,w) € V =
K?+K*+ K*+K? and g=(a,8; A,B)e GL(1)?> X SL(2) X SL(2). Since
f(X)=('xz) - (‘yw)"! is a nonconstant absolute invariant, it is not a P.V. Thus
AI®A +1®(A;+A)+ At ®1lisanon-P.V. Q.ED.

GL(1)* x A+ A

THEOREM 2.6. (GL(1)®> X Sp(2) X SL(6), A, ® A, +1® A;+ p® p') isa P.V.
ifandonly if p = p' = 1.

PROOF. By dimension reasons, we have degp ® p’ < 4, and hence p’ = 1 and
p=A, (or 1). In this case, it is P.V.-equivalent to (GL(1)* X SL(4) X SL(6),
A®A +1®A;+ (A, + A)) ® 1), whichis anon-P.V. by Theorem2.5. Q.E.D.

LEMMA 2.7. (GL(1)> X SL(5) X SL(6), A, ® A, + 1 ® A; + A% ® 1 (resp. A,
® 1)) isa P.V.(resp. a non-P.V.).

ProOF. First we shall prove A; ® A, +1® A; + A% ® 1is a P.V. By Proposi-
tion 1.33, it is P.V.-equivalent to

(Sp(2) X GL(5) x(GL(1) x SL(3) x SL(3)),
AMeAT®10101)+1®A, ®(A,®A, ®81+A, ®18A)))
and by successive transformations, we have
(Sp(2) x GL(5) x(GL(1) x SL(2) x SL(2)),
A®AT®(1®181)+1®At®(A,®A, ®1+A,®18A4,))
~ (Sp(2) X GL(3) X (GL(1) x SL(2) x SL(2)),
A®AB®(1®101)+10A, (A, ®A, ®1+A, ®1®A,))
~(Sp(2) X GL(3) X GL(1), A, ® A, ® 1 + 1 ® A* ®(A, + A))).
Since Sp(1) = SL(2), similarly as Proposition 1.33, this is P.V.-equivalent to
(SL(2) X GL(3) X GL(1), A, ® A, ® 1 + 1 ® At ®(A, + A}))
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which is castling-equivalent to a trivial P.V. (GL(3) X GL(1), A; ® (1 + A + A))).
Next we shall prove that A, ® A, + 1 ® A; + A, ® 1is anon-P.V. By Proposition
1.33, it is P.V.-equivalent to

(Sp(2) X(GL(1) x SL(3) x SL(3)) X GL(5),
Al®1®1®1®A; +10 A, ®(A,®1+1®A,)®A,)).

From a castling transform
(Sp(2) x(GL(1) x SL(2) X SL(2)) X GL(5),
(A,®101@1)®A +{1®A, ®(A, ®1+1®A,)}®A%),
we obtain the P.V.-equivalence to
(GL(1) X Sp(2) X SL(2) X SL(2), A, ®(A, ® A, ® 1+ A; ® 1 ® A)))
by Theorems 1.14 and 1.16. However it is a non-P.V. since
(Sp(2) X GL(2) X GL(2), A, ® A, ® 1+ A, ® 1 ® A;, M(4,2) + M(4,2))

has a nonconstant absolute invariant f(x) = det('XJX) - det(‘YJY) - det(X|Y)~?
for

I

x = (X,Y) € M(4,2) + M(4,2) where J = | ———
—2

). Q.E.D.

LEMMA 2.8. (GL(1)* X SL(5) X SL(6), A; ® A; +1® A;+ (AT + A¥)®1
(resp. (A, + A)) ® 1)) are P.V.s (resp. is a non-P.V.).

PRrROOF. First consider A; ® A; +1 ® A; + (A + AY) ® 1. It is P.V.-equivalent
to

(GL(1) x SL(5) x(SL(3) x SL(3)),
Ae(A@1+18A)+(At+AT)@181)
By successive castling transformations, we get
(GL(1)* x SL(5) X (SL(2) x SL(2)),
Me([A,®1+18A]+101+11))
~ (GL(1)’ x(SL(2) x SL(2)), (A, ® 1+ 1@ A) +1 @1+ 18 1),

which is P.V.-equivalent to a trivial P.V. (GL(1) X SL(2) X SL(2), A, ® (A; ® 1
+1® A,)). Next consider A; ® A; +1® A; + (A} + A)) ® 1. Since the GL(5)-
part of a generic isotropy subgroup of (GL(1)? X GL(5), A + A))is

{(g—%) 1A € GL(4), a e GL(l)},
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itis P.V.-equivalent to
(GL(4) x GL(1) X SL(3) X SL(3),
A®1®(A,®1+18A)+18A ®(A; ®1+18A))),
which is castling-equivalent to a generalized direct sum
(GL(4) X GL(1) X SL(2) x SL(2),
A®1®A®1+1®1@A)+(1®A, 8(A; ®1+18 A;)))

of trivial P.V.’s. Finally we shall prove that (A, ® A; +1® A; + (A; +A)®1)
is a non-P.V. By a castling transformation, we get

(GL(1)’ x SL(3) x SL(6), A, ® AT +1® A, +(A, + A,) ® 1)
= (GL(1)’ x SL(3) X SL(6), A, ® A, + 1 ® Ay +(A, + A)) ® 1),
which is a non-P.V. by Lemma 2.3. Q.E.D.

THEOREM 2.9. All nonirreducible 2-simple P.V.s of type 11 which contain (GL(1)?
X SL(5) X SL(6), A, ® A, + 1 ® A,) as their component are given by

25 Al®@A +1®@A,+0®1 where o = A, A%, A* + A®;
1 1 3 1 2> A7 1
(2.6) A®A +1®A;+1® A%

PRrOOF. By dimension reasons, A, ® A, + 1 ® A; + p ® p’ withp # 1 and p’ #
1, is a non-P.V. Assume that A, ® A, + 1 ® Ay + (0, + -+ +0,)® 1 is a P.V.
Then we have 11 + 5 > deg(o, + -+ +0,) > 55 and hence s = 1 or 2. By dimen-
sion reasons, we have o, = A%, A} and o, + 0, = A{® + A{®. By Lemmas 2.7
and 2.8, we have o, = A{®, A% and o, + 0, = A* + A{®. Now assume that
A®A +1®(Ay;+ 1+ - +1) (£ >2) is a PV. It is castling-equivalent to
(GL(1)"** X SL(6), Ay + A% + 7, + --- +1,) and hence, we have t = 2 and 7, =
A%. Assume that (GL(1)* X SL(5) X SL(6), A, ® A, + 1® A, + 1 ® A* + o, ®
1) is a P.V. Then, by dimension reasons, o; must be A; or A}. If 6, = A%, then
(GL(1)® X SL(6), A; + A, + A*) must be a P.V. by Theorem 1.14, which is a
contradiction (see p. 86 in [2]). If o, = A,, we have a castling transform (GL(1)* X
SL(2) X SL(6), A, ® A; +1® A;+1® A, + A, ® 1), which is a non-P.V. by
Theorem 2.4. Q.E.D.

Now let us consider the case when n = 2m + 1 and 7, = A,

LEMMA 2.10. Let G be a simple algebraic group and assume that 2 < degp, < 2m
fori=1,...,k Then (GLQ)}'** X G X SL2m + 1), (p, + -~ +p,)® A, + 1 ®
Ay))(m=2)isaP.V.ifandonlyifk = 1and (G, p,) = (SL(n’), A{®), (Sp(m’), A,),
(SL(2),2A,) = (SOQ3), A)).

PROOF. Put n = degp, + --- +degp,. First consider the case for n < 2m + 1.
By (2) of Proposition 1.34, it is P.V.-equivalent to

(GL)'™ x Gx SL(n=1), (pt+ -~ +pf) @ A; + 18 A,).
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In particular, we have k + dimG > 1(n? — n). Note that (GL(1)* X G X
SL(n—1), (p*+ --- +p¥)® A;) is castling-equivalent to (GL(1)* X G, p;
+ -+ +p,, V(n)). Hence, by [2], we have k =1 and (G, p,) must be one of
(SL(n), AD), (Sp(m’), Ay), (SO(n), A;). By [3] and Definition 1.10, p, ® A; + 1
® A, is actually a P.V. if and only if (G, p;) is one of (SL(n), A%), (Sp(m’), A,),
or (SO(3), A;) = (SL(2),2A,). Next consider the case for n > 2m + 2. Then we
have k > 2 and by the discussion above,

(GL(1)’ x SL(n') x SL(2m + 1), (A, + A®) @ A, + 18 A,)
(n=2n"22m+2)
must be a P.V. In particular,
1+n2+02m+1)7220Cm + 1) + m(2m + 1),

and hence 2m + 1 —n")2>2m?> + m— 1. Since 2m + 1 > n’ > m + 1, we have
2m+1—V2m?*+ m—1 >n’ > m + 1. This implies m(m + 1) < 1 with m > 2,
which is a contradiction. Q.E.D.

LEMMA 2.11. Let G be a simple algebraic group and assume that 2 < degp; < 2m
fori=1,...,k. Then

(GL()'™*x Gx SL@m+1),(p,+ - +p ) @ A, +1® A5)  (m>2)
isaP.V.ifandonly if k = 1 and (G, p,) = (SL(n’), A%¥), (SL(2),2A,).

PRrOOF. First assume that & = 1. By (1) of Proposition 1.34, it is P.V.-equivalent to
(GL(1) X G X Sp(m), p, ® A,) (m > 2) and hence (G, p,) = (SL(n"), A%®) or
(SL(2),2A,) = (S0(3), A,). Now assume that it is a P.V. with k > 2. Then, by (1)
of Proposition 1.34,

(GL(1)* x G x Sp(m), (py + p,) ® A,)
= (GL(1)* x G x Sp(m), p, ® A, + p, ® A})
must be a P.V., which is a contradiction by Proposition 1.15. Q.E.D.

THEOREM 2.12.

(GL(1)"™" x G x SL(2m + 1),

pr®A +(o+ - +0)®1+18(A5+R,,)) (2<degp, <2m)

with Ry =0 (resp. Ry = A*), t =1,2) is a P.V. if and only if it is one of the
following:

(GL(1)>** x SL(2) X SL2m + 1), 2A; ® A, + (0,

(2.7) + - 40)®1+1®A%) with(1) s=0,(2) s=1, 0, =
Ay



(2.8)

(2.9)

PROOF. Similarly as the proof of Lemma 2.11, we have our results.
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(GL(1)*>** X SL(n’) x SL2m + 1), A, ® A, + (o,
+ - +0)®1 +1® A%) 2<n’ <2m) with (1) s =0,
@) s=1, 0, =A®, A, (n = odd), 2A{ (n’ =2,3), 3A,
(n"=2),03) s=2; 0,+0,=A®+A®, A, + At (n' =
5), A{+2A (WW=2),@) s=3; 0,+t0,+to;=A; + A
F AL A AT F A AT AT AN A A+ A (=
even);

(GL(1)*** x SL(n’) x SL2m + 1), A, ® A, + (o,
+ - 40,)®1+ 18 (A% + A™)) 2 < n' <2m) with (1)
s=0,2)s=1; 0, =A%, 2A, (" =2),3) s=2; 0, + 0,
= (A, + A)™, A; + A% (n’ = even).

THEOREM 2.13. Let us consider
(GLA)*™ X G X SL@m +1), p, ® A; +(o; + -+ +0,) ®1+1® A,)
(2 < degp, < 2m).

(2.10)

(2.11)

(2.12)

If (G,p,)=(SL(2n" + 1), Ay), then it is a P.V. if and only if
(GL()'** X SL@2n" + 1), A%+ 0, + - +0,) is a simple
PV, ie,0<s<3; s=1, 0, =A% A, 2A (0’ =1);
s=2,00+0,=A+ A (n=2), AP+ A®; s=3,0, +
o, +0;=(A+ A +A)™, A+ A, + AL

If (G,p,)=(Sp(m’), A,), then it is a P.V. if and only if
s=00ors=1,m =20,=A, A,.

If (G,py)=(SL(2),2A,), then it is a P.V. if and only if
s=0;0ors=1,0,=A,.

PRrROOF. By (2) of Proposition 1.34, it is P.V.-equivalent to
(GL(1)*** x G x SL(degp, = 1), pt ® A, + (0, + -+ +0,) ® 1+ 18 A,).
For (2.10), it is P.V.-equivalent to

(GLQ)'™ x SL(@2n" + 1) X Sp(n’),Af ® A, + (o) + -+ +0,) ® 1).

QED.

455

By Proposition 1.33, it is P.V.-equivalent to (GL(1)'** X SL(2n’ + 1), A% + o,
+ --- +0,). For (2.11), we have our result by Theorem 2.24 in [3]. For (2.12), since
(GL(1) X SL(2), A, ® A;) = (GL(1), A,), it is P.V.-equivalent to

which is castling-equivalent to a simple case and we obtain our result.

(GL(1)'"* x SL(2) X SL(2),2A, ® A, +(o; + -+ +0,) ® 1),
QED.

LemMa 2.14. (1)

(GL()* x SL(2n) X SL(2m + 1), A, ® A, +1 8 A, +(A, + A}) ®1)

isalP.V.
2

(GLO)’ x SL(2n') x SL(2m +1), A, ® A, + 1@ A, +(A, + AT + Af) ® 1)

is a non-P.V.
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PROOF. By (2) of Proposition 1.34, (1) is P.V.-equivalent to
(GL(1)* x SL(2n") X SL(2n’ = 1), At ®(A, + 1) + A, ® 1 + 1 ® A,).

By Proposition 1.12, it is P.V.-equivalent to a simple P.V. (GL(1)?> X SL(2n’ — 1),
A, + A,)). Assume that (2) is a P.V. Then, by Theorem 1.14, (GL(1)° X SL(2m + 1),
(A +1)® (1 + 1)+ A,) must be a P.V. This implies the prehomogeneity of the
triplet

(GL(1) X GL(1) X SL2m + 1), A, ® 1 ® A, + 1 ® A, ® (A, + A;), V)
where
V={(X; y,z)|'X=-X€EM2m + 1), y, z€ K*""}.

However a rational function f(x)= f,(x)f,(x)! is a nonconstant absolute in-

variant where
X
fl(x)=Pf(,4F) and fz(x)=Pf(/\,, z),
-yl 0 -z10

which is a contradiction. Q.E.D.
LemMA 2.15. (1)
(GL(1)’ x SL2r') x SL(2m + 1), A, ® A, + 18 A, +(A, + A, + A)) ®1)
is a non-P.V. (resp. P.V.) ifn" = 1(resp.2 < n’ < m).
(2
(GL(1)® x SL(2n") x SL(2m + 1),
A®A +1® A, +(A + A + A +A,)®1)
is a non-P.V.
PrOOF. By (2) of Proposition 1.34, (1) (resp. (2)) is P. V.-equivalent to
(GL(1)* (resp. GL(1)°) X SL(2n') X SL(2n’ = 1),
AT® A +1® Ay +(A, + A+ A)®1(resp. (A, + A+ A, + A)) ®1)).
If n” = 1, it is P.V.-equivalent to
(GL(1)* (resp. GL(1)°) x SL(2),
A+ A+ A+ A (resp. Ay + A+ A+ A+ AY)),

which is a non-P.V. by dimension reasons. If n’ > 2, by Theorems 1.14 and 1.16 it is
P.V.-equivalent to

(GL(1)* (resp. GL(1)’) x SL(2n" = 1),
Ay + A + A+ A (resp. Ay + Ay + Ay + Ay + AY)),
which is a P.V. (resp. a non-P.V.) by Theorem 1.3 in [3]. Q.E.D.
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THEOREM 2.16.
(GL(1)*** x SL2n") x SL@m + 1), A, ® A, + 1 ® A, +(0y + -+~ +0,) ® 1)
(l<sn<sms>1)
isa P.V. if and only if s = 0 or it is one of the following cases.
(2.13) s=1;0,=A®, AP 2<n <m),2A® (n"=1,2),
(2.14) s=2;0,+0,=A®+ AP, A, + A¥  (n"=2),
(2.15) s=3;0,+0,+0,= (A + A +A)*  Q2<n <m).

PROOF. First consider the case when o; + - -+ +0, # A(® + --- + A{*). We may
assume that o, # A{*). By (2) of Proposition 1.34, it is P.V.-equivalent to

(GL(1)*** x SL(2n") x SL2n" = 1), Af® A, + 1® A, +(o; + -+ +0,) ® 1).
Hence if n’ = 1, we have s = 1 and o; = 2A, by Theorem 1.3 in [3]. Now assume
that n’ > 2. If g; = 2A{®, then

(GL(1)'"* x SO(2n) x SL(2n' = 1), A, ® A, + 1 ® A, +(0, + -~ +3,) ® 1)

must be a P.V. By Theorem 2.5 in [3], it is a non-P.V. for n’ > 3. If n’ = 2, we have
s = 1 by dimension reason. If o0, = A®) (n’ = 3,4), it is a non-P.V. by Proposition
2.2 and Lemma 2.7. If o, = A", then

(GL(1)'™* x Sp(n) x SL2m +1), A, ® A, +1® A, +(0y + -+~ +0,) ® 1)
must be a P.V. By (2.11) in Theorem 2.13, we have s=1, or s =2, n' =2,
o, = A{®), A,. However o, # A, since (GL(1)?> X SL(2n"), AY¥ + AY¥) is a non-
P.V. Finally consider the case when 6, + -+ +0, = A + --- + A{*). By Lemmas
2.14 and 2.15 and Proposition 1.37, we obtain our result. Q.E.D.

THEOREM 2.17.

(GL(1)’** x G x SL@m +1),p, ® A; +(0, + -+ +0,) ®1+ 18 (A, + A}))
(2 < degp, < 2m)
isa P.V. if and only if (G, p,) = (SL(n’), A,) and (GL(1)*** X SL(n’), A, + A, +

o,+ -+ +o,) is a simple P.V., i.e, 0<s<2; s=1, o, =A%, 2A, (n' =2);
s=2,0,+0,=A* + A® except A; + A* forn’ = odd.

PROOF. By (2) of Proposition 1.34, it is P.V.-equivalent to
(GLOAY* x G x SL(n'),pt ® A, + 1 & (A, + Ay) + (o) + -+~ +0,) ® 1)

with n’ = degp,. When (G, p,) = (SL(n’), A,), it is P.V.-equivalent to (GL(1)***
X SL(n"), A, + A, + 0, + --- +0,) by Proposition 1.12. If (G, p,) = (Sp(m’), A,)
or (SL(2),2A,), then (GL(1)> X G X SL(n’), pt® A, + 1 ® (A, + A,)) (n' =
2m’ or n’ = 3) is a non-P.V. Actually by Proposition 13 (resp. Proposition 14) in §2
in [1}, it is P.V.-equivalent to (GL(1)* X SL(2m’), A, + A, + A,) (resp. (GL(1)* X
SL@3),2A, + A, + A%)) which is a non-P.V. by [2]. Q.E.D.
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Lemma 2.18. (1)
(GL(1)* x SL(2n') X SL(2m + 1), A; ® A +(A, + A) ® 1+ 1 ® (A, + AY))

isaPV. for2<n <m.

(2)
(GL(1)* x SL(2n') x SL2m + 1), A, @ A, + AT @ 1+ 1 ®(A, + AY))
isaP.V. forl <n <m.
PROOF. (1) is castling-equivalent to
(GL(1)° x SL(2m + 3 = 2n") X SL(2m + 1),
(A +1) @A, +18® A% +(A, + A)) ®1).

Since (2m + 3 — 2n’) + 1 < 2m, by (1) of Proposition 1.34, it is P.V.-equivalent to
(GL(1)* x SL(2m + 3 = 2n") x Sp(m), A, ® A, +(A, + A)®1+1® A)),

which is a P.V. by (2.78) in [3]. By the same method as the proof of Lemma 2.20, one
can easily check that (2) is P.V.-equivalent to (GL(1)?> X SL(2n’ — 1) X Sp(m),
A, ® A, +1® A,), whichis actually a P.V. by (2.76) in [3]. Q.E.D.

THEOREM 2.19.
(GL(1)’"* x G x SL(2m + 1),
pr® Ay +(o;+ - +0)®1+18(A, + A1) (2 < degp, < 2m)
is a P.V. if and only if it is one of the following:

(GL(1)*** x SL(n’) X SL2m + 1), A; ® A; + (o,
o 40)®1+18 (A, + AY) Q< n’ <2m) with (1)

(2.16) §=0, 2 s=1; o;=A®; o,=A, (n"=4); o,=A%
(n"=5),03) s=20,+t0,=A+A; (" 23); 0 +0,=
A, + A} (n' = odd);

(217)  (GL(1)’ x Sp(2) X SL(2m + 1), A, ® A, + 1 & (A, + AY)).

Proor. First assume that n’ = odd. By Proposition 1.36, it is P.V.-equivalent to
(GL(1)*** X G, A*(p,)* + p; + 6, + -+ +0,). By Theorem 1.3 in [3], it is a P.V.
if and only if (G,p,,0y...,0,)=(SL(n), A)), (SL(n’), A, A®), (SL(n"),
Ay, A, A, or (SL(5), Ay, A%). By this result for (SL(5), A,, A%) and by Proposi-
tion 1.33,

(GL(1)* x Sp(2) x SL(2m + 1) x SL(5),

10(A,+Af)®1+(18A) @A, +(A, ® 1) ® AY)
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is a P.V. Hence by Theorem 1.14, (2.17) is a P.V. Hence (2.16) for 0, = A,, n’ = 4 s
also a P.V. Next assume that n’ = even. By Proposition 1.35,
(GLAY" x Gx SL@m +1), p,® A, +(p, + 0, + -+ +0,) @1+ 18 A,)

must be a P.V. Hence, by Lemma 2.10 and Theorems 2.13 and 2.16, we have (2.16)
and (2.17). By Lemma 2.18, (2.16) for 6; = A{®, or 6; + 0, = A; + A, (n' > 4) is
actuallya P.V. Q.E.D.

LEmMMA 2.20. If n = odd or n = 2, then
(GL(1)’ x SL(n) x SL(2m + 1),
MOl+A®A+18A,+18AP+18 AX)
isanon-P.V.

PROOF. Since a generic isotropy subalgebra of (GL(n), AY) ((GL2m + 1), A,),
respectively) is

{(’;‘ /12);A1€g1(n—1)> (resrx{(l:)1 22);316%('")})

and
t
Y(x o)Jr(A1 Az)(X|O)+(X|O) B, | 0
ol1) \olTa/lol1) \ol1/\s]g

YX + A, X + X’Bll A,

‘B, |y+a+,8

where X is a generic point of
(GL(1) x SL(n — 1) X Sp(m), A, ® A, M(n — 1,2m)),
it is P.V.-equivalent to

Bl o (%) Bl o (%)
‘1b‘1A®B+8( ) + ( ) ,
a 01 b ‘\oT»

1e.,
a'b'"A® B+ b*B+b*B (A€ GL(n—-1), Be Sp(m)).

By Lemma 2.20 in [3], it is a non-P.V. if n — 1 = even, i.e., n = odd. If n = 2, then
it is a”'b"'B + b*B + b*B (B € Sp(m)) which is a non-P.V. because of the
dependence of scalar multiplications (see p. 100 in [2]). Q.E.D.

LEMMA 2.21. Assume that
(GL(1)*** x G x SL(2m + 1),
PL®A +(o + - +0)®1+1®(A, + A" +1@AWM)

is a P.V. Then we have (G, p,) = (SL(m’), A,). Moreover if s > 1 and o, # 1, then
we have s = 1 and o, = A{®.
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PROOF. Since (GL(1)2 X SL(2m + 1), A, + A,) is a regular P.V., we may only
consider the case for py ® A; + (0, + - +0)®1+1®AY+1@AY+1®
A{® by Remark 1.32. By Proposition 1.33, p; ® A; + (6; + --- +0,)®1+1®
A%+ 160 A + 1 ® A,is P.V.-equivalent to

(GL(1)*** x G x SL(2m + 1) X Sp(m),
(0,4 +0)®181+(p;+1)®A, ®1+1® At ®(A, +1)).
By Theorem 1.14
(GL(1)’"* x Gx Sp(m), (0, + -+ +0,+p)®1+p, ® A, +1® A,)

must be a P.V. Then, by Theorem 2.5 in [3] and Lemma 2.11, we have (G, p;) =
(SL(m"), A{®)). Now assume that s > 1 and o; # 1. By (2.75) and (2.78) in [3], we
have s = 1, o, = A{*), and we may assume (G, p,) = (SL(m’), A;). Similarly, if
pr®A +(o;+ - +0)®1 +1® (A% + A¥ + A¥)isa P.V,, then

(GL(1)’™* x G x Sp(m),p, ® A, + (o, + -~ +0,+ p, + p,) ® 1)
must be a P.V., and we have our result. Q.E.D.

LEMMA 2.22. (1)

(GL(L)*x SL(m) x SL(2m + 1), A, ® A, + 1 ®(A, + A)* +1® A,)
isa P.V. if and only if m" = odd.

(2)

(GL(1)* x SL(m’) x SL2m + 1), A, ® A} + 1 ®(A, + A)™ +1 & AY)
isa P.V. if and only if m" = even.

PROOF. Note that A; ® A, + 1 ® (A, + A)) + 1 ® A{® is reductive P.V.-equiv-
alent to A, ® A, + 1 ® (A% + A%) + 1 ® A%, First assume that m’ < 2m — 1.
Then, by (2) of Proposition 1.34, A, ® A, + 1 ® (A, + A}))+1® A, is P.V.-
equivalent to

(GL(1)* x SL(m’) X SL(m’ + 1),At ® A, + 1 ®(A, + A, + A))),

which is castling-equivalent to (GL(1)* X SL(m’ + 1), A, + AY + A, + A)). By
[2],itis a P.V. if and only if m’ + 1 = even, i.e., m’ = odd. In the case of m’ = 2m,
A ® A +1® (A, + A))+1® A, is castling-equivalent to

(GL(1)* x SL(2m + 1), AT + A, + A, + A,),

which is a non-P.V. by [2]. For (2), A;,® A; +1® (A, + AD*+1® AT is
castling-equivalent to

(GL(1)* X SL(2m +1 = m) X SL2m + 1), A; ® AT + 1 ®(A4 + AT + AY))
' =AOA +10(A,+A)+10A,

and it reduces to the case (1). Hence it is a P.V. if and only if 2m + 1 — m’ = odd,
i.e.,, m" = even. Q.E.D.
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THEOREM 2.23.
(GL(1)***x G x SL2m + 1), p; ® Ay +(0, + -+ +0,) ® 1
+1@(A, + A)™ +1® AP)
(2 < degp, < 2m)
is a P.V. if and only if it is one of the following.

(GL(1)* X SLQn' + 1) X SL@m + 1), A, ® A, +1®
(A, + A)®+10A)A<n <m—1)

(GL(1)* X SLQ2n’) X SL@m + 1), A, ® A, + 1 ®
(A, + AP +10 AY) (1 <n’ <m)

Proor. By Lemma 2.20,
(GL(1)* x SL(2n’ + 1) x SL(2m + 1),

(2.18)

(2.19)

AMO1+A @A +18(A,+A)+184,)
is a non-P.V. and hence so is
AMO®T+A®A +10(A,+A)* +10A,.
Now
(GL(1)° x SL(2n’ + 1) x SL(2m + 1),
A®L+A®A+18(A,+A)P+16A4,))
is castling-equivalent to
(GL(1)* x SL(2m — 20’ + 1) X SL(2m + 1),
A®L+A ®AL+18(A,+A)P+104A,)
=A®1+A @A +1®(A,+A)™+1® A%
which is a non-P.V. by (2) of Lemma 2.22. Now
(GL(1)* x SL(2n") x SL(2m + 1),
A®L+A ®A +18(A,+A)™ +18® At)
is castling-equivalent to
(GL(1)* x SL(2m — 2" +2) X SL(2m + 1),
A®1+A ®A +18(A,+A)P+18A4,)
which is a non-P.V. by (1) of Lemma 2.22. If
(GL(1)° x SL(2n") x SL(2m + 1),
Af®1+A @A +18(A,+A)™+16 A1)

is a P.V., then by Theorem 1.14, (GL(1)* X SL(2m + 1), A; + (A, + A))™® + A*)
must be a P.V., which is a contradiction. Thus, together with Lemmas 2.21 and 2.22,
we have our result. Q.E.D.
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THEOREM 2.24. All 2-simple P.V.’s of type 11 which contain
(GL(1)* X GX SL2m +1), p,® A, + 1 ®(AL+ A, + A,))
(2 < degp, < 2m)

as a component are given by
(2.20) (GL(1)* x SL(2n + 1) x SL(2m + 1),

AL @A +1(A%+ A+ 4,)),
(2.21) (GL(1)* x SL(2m) x SL(2m + 1),

Ay ® A +1@(A%+ A, + Ay)).

PROOF. First assume that degp, < 2m — 1. Then it is P.V.-equivalent to
(GL(1)**S X G X Sp(m), p, ® A, + (o, + -+ +06,)®1+1® (A, + A))) by (1)
of Proposition 1.34. Since this is of type I, we have (2.20) by [3]. Next assume that
degp, = 2m. Then we have (G, p;) = (SL(2m), A{*)) by Lemma 2.11. Clearly
(2.21) is castling-equivalent to a regular simple P.V. (GL(1)* X SL(2m + 1), A% +
A; + A; + A¥). We shall show that

(GL(1)**™ x SL(2m) x SL(2m + 1),
(0,4 +0)®1+AX® A +1@(A5 + A, + Ay))
(s=1,00#1)
isanon-P.V. If itis a P.V., by (1) of Proposition 1.34,
(GL(1)*** x SL(2m) x Sp(m),
(o, - +0)" @1+ A, ®A +1&(A, +A)))

must be a P.V., which is P.V.-equivalent to (GL(1)*** X Sp(m), 6, + -+ +0, + A,
+ A,) by Proposition 1.12. Hence we have s = 1, o, = A{*) by [2]. Since the case
o, = A, and the case o, = A} are reductive P.V.-equivalent (see Remark 1.32), we
assume that o, = A,;. Then it is castling-equivalent to

(GL(1)’ x SL(2) X SL(2m +1), A, ® 1 + A, ® AT + 1 @(A% + A, + A))
=AT®1+A ®A +18(A, + A*+ AY),
which is a non-P.V. by Lemma 2.20. Thus we have a contradiction. Q.E.D.
THEOREM 2.25.
(GL(1)*™ x G x SL(2m +1),
PL®A +(o)+ - +0)®1+18(A, + AT+ AT)) (2 < degp, <2m)
isa P.V.ifandonly if it is
(222) (GL(1)" x SL(2n') X SL(2m +1),A, ® A, + 1 ® (A, + At + AY)).
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PRrOOF. First note that
(GL(1)* x SL(m) x SL@m +1), A; ® A, + 1 ®(A, + A% + A}))
2<m <2m)
is a P.V. if and only if m’ = even since it is castling-equivalent to
(GL(1)* x SL@2m + 1 - m') x SL@m + 1), A, ® A, + 1 8(A% + A, + A))

(see Theorem 2.24). In particular, deg p; must be even. Hence by Proposition 1.35
and Theorem 2.19, we have (G, p,) = (SL(2n’),A}) and s=0; s=1, 0, = A,.
However

(GL(1)’ x SL(2n) X SL(2m +1), A, ® A, + A, ® 1 + 1 ®(A, + At + AY))
is castling-equivalent to
(GL(1)* x SL(2m + 2 - 2n’) X SL(2m + 1),

A @A+ A ®1+18(A+ A +Ay)),
which is a non-P.V. by Theorem 2.24. Thus s = 0 and we obtain our result. Q.E.D.

PROPOSITION 2.26.
(GL(1)’ x G X SL(2m + 1), p; ® A, + 1 8 (AL + AX + AP + AP))
(1 <n' =degp, <2m)

is a non-P.V.

ProOOF. Without loss of generality, we may assume that (G, p,) = (SL(n’), A)). If
n’ =1or n’ = 2m, it is P.V.-equivalent to

(GL(1)* x SL(2m + 1), A + AP + A + A + A®),

which is a non-P.V. by [2]. Therefore, by a castling transformation if necessary, it is
enough to consider the A; ® A} + 1 ® A% +1® Twithl <n' 5 2m, T= AP+
A + A™. First assume that T=A; + A, + A,. By (1) of Proposition 1.34,
(GL(1)* X SL(n") X Sp(m), AL® A, +1®T) must be a P.V,, which is a con-
tradiction by Lemma 2.20 and 2.22 in [3]. Next assume that T = A* + A{*) + A(*),
Since the generic isotropy subgroup of (GL(1)> X SL(2m + 1), A% + A%)is GL(1)
X Sp(m) (see p. 95 in [2]), it is isotropic P.V.-equivalent to

(GL(1)* x SL(n’) x Sp(m), A, ®(A,; +1) +1®(A, + 1) + 1 ®(A, +1)).

Hence if it is a P.V., then
(GL(1)* x SL(n') x Sp(m), A, ® A, + A, ® 1+ 18 A, + 18 A,)

must be a P.V., which is a contradiction by Lemma 2.23 in [3]. Q.E.D.



464 TATSUO KIMURA ET AL.

THEOREM 2.27.

(GL(1)* ™ x Gx SL2m+1),p, 8 A, +(0, + - +0,) ® 1
+10(A, + A)™ (or +1® A whenm = 2))

(2 < degp, < 2m, m = 2)isa P.V. if and only if it is one of the following.
(223)  (GL(1)’x SL(2) X SL(5), A, ® A, +1® A% + 1 ® A%).
(224)  (GL(1)’X SL(3) X SL(5), A, @ A, +1® A, + 1 ® A,).
(225)  (GL(1)’x SL(4) X SL(5), A, ® A, +1® A, + 1 ® A,).
Here (2.23) and (2.24) are castling-equivalent and they are regular P.Vs.

PRrOOF. First consider the case when (G, p,) = (SL(n’), A,). If

(GL(1)* x SL(n') x SL2m + 1), A, ® A, + 1 ®(A, + A,)™*)

is a P.V,, then we have 2m < n’ + 2/(n’ — 1) by dimension reasons. Hence, if
n’ > 4, we have 2m < n’ (< 2m), i.e,, n’ = 2m. Thus it is castling-equivalent to
(GL(1)> X SL2m + 1), A* + (A, + A,)™*®) which is a P.V. only when it is
(GL(1)* X SL(5), A* + A, + A,) by Theorem 1.3 in [3], and we obtain (2.25). If
(GL(1)* x SL(4) X SL(5), A, ® A, + 1 ®(A, + A,) +o®1+1®7)

is a P.V,, we have 0 = 7 = 1 by dimension reasons. If n" = 2 or 3, similarly we have
(2 <) m < 2, i.e, m = 2. We shall show that (GL(1)® X SL(2) X SL(5), A, ® A,

+1® (A, + A,))isanon-P.V. Let
A, | 4,

be the generic isotropy subalgebra of (GL(1)* X SL(5), A, + A,) stated in the
proof of Proposition 1.1 in [3]. Then it is P.V.-equivalent to

(X|Y) > B(X|Y)+B(X|Y)+(X4, + Y'4,|Y4,)

where B € 31(2), X € M(2), Y € M(2,3). If itis a P.V., then
A
Y—>BY+BY+ YA, =BY+Y A, (B € 31(2)),
Ay

with \; = B+ ¢ + &, A, = B + 2¢,, A\; = B + 2¢, must be a P.V. However, since
AL, A,, A; are not independent (2A; = A, + A;), it is a non-P.V. Since
4, | 4,
0| 4,

x-—»,Bx+Bx—x( ) (x € M(2,5))

is a P.V. with a generic point
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(GL(1)3 X SL(2) X SL(5), A, ® A¥+1® A, +1® A,)isa PV, ie, (2.23). By
a castling transformation,

(GL(1)* x SL(3) x SL(5),
Ay @A +1@(A+ A,) (resp. A, ® A + 18 (A% + A%)))

is a P.V. (resp. a non-P.V.). Since the generic isotropy subalgebras of (2.23) and
(2.24) are {0}, they are regular and maximal. We say that a P.V. (H,p,V) is
maximal when (GL(1) X H, 1 ® p+ A; ® p’) is a non-P.V. for any nontrivial
irreducible representation p’ of H. Now assume that (G, p;) # (SL(n), A{®). Since
p1(G) C SL(n’"), it must be of the form

(GL(1)’ X G x SL(5), p ® A, + 1 ®(A, + A,)™)

with 2 < degp; < 4. Hence (G, p,;) must be one of (SL(2),2A;), (Sp(2), A)).
However, in this case, it is a non-P.V. by dimension reasons. Q.E.D.

3. The case for (G; py,...,p;; 0y,...,0,) # (SL(m); Ay,..., A A, ..., A®)
with (7,...,7) = (A{®,..., A%). In this section, we shall classify 2-simple P.V.’s
of type

(GL(1)****" x G x SL(n),
t
(pr+ - +p) @A +(o; + -+ +8,) ® 1+ 1 8(APX ++AP))

with2 < degp, < n (i=1,..., k) where
(G; pys--vr Py 0y,...,0,) # (SL(m); Ay, A A(l*),...,A‘l*)).

From now on, we shall deal with two cases separately.
3.1. The case for n < Y¥_,degp,.

LEMMA 3.1. Assume that the group G is simple and 2 < degp, < n’ and degp, >
Then (GL(1)* X G X SL(n’), p, ® A; + p, ® A,) is a non-P.V.

PROOF. Since G is simple, we have (degp,)?> — 1 > dimG. If it is a P.V., then we
have dimG + n’2 + 1 > (degp, + degp,)n’ > (degp,)n’ + n’?, and hence degp, >
n’, which is a contradiction. Q.E.D.

PROPOSITION 3.2. Assume that (GL(l)" X G X SL(n), (p;+ -+ +p) ® A))
with 2 < degp, s n < X% \degp, (i=1,...,k) isa P.V. Put n’ = £*_ degp, — n.
Then we have degp, > n’ fori = 1,...,k.

PROOF We shall prove by induction on k. When k = 2, it is obvious. Assume that

> 3 and the proposition holds for k — 1. If degp, < n’ for some i, then we have

deg p;sn’ for all j=1,...,k by Proposition 1.12 and Lemma 3.1. Since
Tl degp, x TS degp; + (degp, — n) = n,

(GL() " x G X SL(n), (ot + -+~ +pt_1) ® A,)
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satisfies the condition of the proposition for k — 1. By the assumption of the
induction, we have degp, > EX_ldegp, — n'=n —degp, for i=1,....k— 1
Thus we have degp, > n — d where d = min{degp,,...,degp,_,}. Hence

k+(d*=1)+(n*—1)> k +dimG + n> -1
> (degp, + -+ +degp,_, + degp,)n
2 ((k=1)d+(n—d))n

(k —2)dn + n?,

ie, k+d*— 22 (k—2)dn > (k- 2)d? Since they are integers, we have k + d?
—2>(k—=2d*>+2,ie,0>(k—3)d*—k+4>3k—-8>1 (k> 3), whichis
a contradiction. Q.E.D.

LEMMA 3.3. Assume that k > 2, degp, > n" > 2 for i=1,...,k, and (G; p,
+ oo tps o+ o +0)#F (SL(m); (Ap+ - +A)D; AP+ - + A,
Then

(GL(1)*** x G x SL(n'), (py + -+ +p) ® Ay +(0, + -+ +0,) ® 1)
isa P.V. ifand only if it is
(GL(1)* x SL(4) x SL(2), (A, + A)) ® A,).

PROOF. If (G,p, + -+ +p,) # (SL(m), AQ® + --- +A¥), it is a 2-simple P.V.
of type I with k > 2. Hence by §2 in [3], it is (GL(1)2 X SL(4) X SL(2), (A, + A,)
® A,)) (see (2.60) in [3)). If (G, p; + -+ +p,) = (SL(m), AQ* + --- +A(¥), itis a
non-P.V. except (G,p, + -+ +p,) = (SL(m),(A, + --- +A;)*) by Proposition
1.15. In this case, we have o, + -+ +0, # A + --- + A*) by our assumption.
Such cases are dealt with in §2, and they are non-P.V.’s when k& > 2. Q.E.D.

THEOREM 3.4.

(GL()*™*x G x SL(n),(p, + -+ +p) ® A, + (o, + -+ +0,) ® 1)
k
2<degp, sns Y degp; fori=1,...,k
j=1
isa P.V. if and only if it is one of the following.
(3.1) (GL(1)2 X SL(4) X SL(8), (A, + A}) ® A)).
(32) n =X degp, — 1 and (GL(1)*** X G, p¥ + -+ +pf + o, + -+ +o0,) is
a simple P.V.

PROOF. It is castling-equivalent to
(GL()*"* x G x SL(n'), (p} + -+~ +p}) ® A, +(0) + -+ +0,) ® 1)

where n’ = Z_’;=1degpj — n. If " =1, we have the case (3.2). If n’ > 2, then by
Proposition 3.2, it satisfies the condition of Lemma 3.3, and we have (3.1). Q.E.D.
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PROPOSITION 3.5.
(GL(1)****' x G x SL(n),

(py+ - +p) @A +(oy+ - +0)®1+1®4,) (k>2)
isanon-P.V. forn < XX_ degp,.
PROOE. In the case of (3.1), (GL(1)* X SL(4) X SL(8), (A, + A)® A, +1®

A)) is a non-P.V. by dimension reasons. In the case of (3.2), it is castling-equivalent
to

(GL(1)***"" x G x SL(2),

(pr+ - +pf) @A +(0,+ -~ +0) @1+ 18 A).
If degp; = 2 for some i, it is a non-P.V. by Lemma 1.11 since k > 2. If degp, > 2
for i =1,..., k, the possibility is (GL(1)> X SL(4) X SL(2), (A, + A)® A, + 1
® A,) by Lemma 3.3. However it is a non-P.V. by dimension reasons. Q.E.D.
Our next aim is to show that

(GL(1)****' x G x SL(n),

(prt+ - +p) ® A+ (0 + "'+°s)®1+1®AT)

k
k>2; ) degp,zn
i=1

is a non-P.V.

LEMMA 3.6. Let G be a subgroup of GL(n) and define a polynomial map :
M(n,n—=1)—> V(n)=K" by y(Y)="(}y,..., 9,) where Y ='(y,, y,,..., y,) and
Ji=(1)y*'det(y, -y, ---y,) for i=1,....n. Then we have Y(gY'h)=
(detg)'g™' - y(Y) forall (g,h) € GX SL(n — 1) and Y € M(n,n — 1).

PROOF. It is enough and easy to check when g = al,,,
1

and A | QED.

LEMMA 3.7. Fork > 2,
(GL(1)*"" X SL(m) X SL(km — 1), (AY + -+ +A®) ® A, + 1 8 A¥)
is a non-P.V.

ProOF. We identify the space V with {(X,,..., X,; y)| X, € M(m, km — 1) for
i=1,...,k; ye Kk 1} Then the action is given by x — (a;4,X,'B,
.0, A, X,'B; B'B ly) for x = (X,.... X;; y) € Vand g =(a;,...,a,,B8; A, B)
€ GL(1)**! x SL(m) X SL(km — 1) where A, stands for A4 (resp. ‘4™!) when the
ithpartof (A + .-+ +A{®)® A; + 1 ® At stands for A, ® A, (resp. A* ® A))
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fori=1,..., k. Put

X, X,
ST
Xy Xy

where ¢ is the map defined in Lemma 3.6. Then, by Lemma 3.6, we have

m m
X,l — (0‘1 ak) ,141.1)*(1’ )‘(2 o (0‘1 ak)
o a;

A\ X,
(Xy) = aB4,(X,p) and (X,y) = a,84,(X,p).
Hence F(x) = ’(Xzy)f(z/’( le))A(1 is an absolute invariant. We shall see that F(x)
is nonconstant for k > 3. Put x(y) = (X?,..., X2, y) where
Xy

1
="(yiyerry Vir_;) and -l = kol .
XO

k

m
Since k > 3, we have X, = X, =(-1)*",0,...,0), X, 9 ='(D1r---» Vm)s Xop =
‘Yps1s---» YVam), and we get F(x(y)) = y,,. 101" Assume that k = 2. For (A, +
AY® A, + 18 A,

F(X) = {I(X1Y)(X2Y)} '{’j(lj(z} '{t(Xl)’)Xl}

is an absolute invariant. For x(y) with k = 2, we have )A(l =/(1,0,...,0), )A(z =

(1,0,...,0,-1), X;y ="(y1,---» V) @04 X3) ='(Vps1s--os Vame1s V1 T Vms1)-
Hence

-2

F(x(»)) =y A vmar 0 Vet Vamt F Y10+ VoY )
1.e., F(x) is a nonconstant absolute invariant. For (A; + A;)) ® A; +1 ® A (=

(A"; + A*;)® A1 +1® A’i‘),
F(x) = {(xp) %) - {60 &) -1 %)

is an absolute invariant. Since F(x(y)) = (¥; = Vo) Ym+121 > F(x) is nonconstant.
Thus our space cannot be a P.V. Q.E.D.

PROPOSITION 3.8. Assume that 2 < degp, < n < L_ degp, fori = 1,..., k (hence
k = 2). Then

(6L " X 6 x SL(n), (py + - +0,)

®A1+(ol+ +os)®l+l®A’{)

is a non-P.V.
ProOOF. Since (GL(1)® X SL(4) X SL(8), (A, + A}))® A, +1® AY) is a non-
P.V. by dimension reasons, if our space is a P.V., (GL(1)*** X G, p, + - -+ +p; +
oF + -+ +0*) (k > 2) must be a simple P.V. and n = deg(p, + -+ +p,) — 1 by



P.V.-EQUIVALENCES 469
Theorem 3.4. By Lemma 3.7, we may assume that (G,p, + --- +p,) # (SL(m),
A + - 4+ A(®). Since

(GL(1)“"? x SL(2m) x SL(2km — 1), .

,._/‘

Ay @ 1+(AWFTFAP) @A, +1® A)
is a non-P.V., we may also assume that (G,p, + --- +p;) # (Sp(m), AL
+ -+ + A{®). Since

dimGL(1)****! x G x SL(n)
>deg((py + - +p,) ® Ay +(0, + - +0,) ®1 + 1 ® A})
>deg((py + - +p,) ® A +1® AY) +5s

with n = deg(p, + -+ +p,) — 1, thesimple P.V.(GL(1)¥ X G,p; + --- +p,) must
satisfy the condition that dimG > 2(degp, + --- +degp, — 1) — k. By Theorem
1.3 in [3], such a P.V. must be (GL(1)? X Spin(8), vector rep.+ half-spin rep.).
However,

(GL(l)3 X Spin(8) X SL(15), (vector rep.+ half-spinrep.) ® A, + 1 ® A’{‘)

is reductive P.V.-equivalent to (vector rep.+ half-spin rep.) ® A; +1 ® A|) (see
Remark 1.32), which is a non-P.V. by Proposition 3.5. Q.E.D.
3.2. The case for n > L¥_, degp,. We shall consider

(GL(l)"”*‘ X G X SL(n),

t
(py+ - +p)®A, +(0,+ - +0,)®1 + 1 ®(A(1*)’+_-'-“-”+“A‘1*)))

when n > X¥_, degp, and
(Gypy+ -+ +p 00+ - +0,) # (SL(m), A + -+ +A; AP + - +A®).
If t =0, it is a 2-simple P.V. of trivial type (see Definition 1.10), and hence we may

assume that r > 1. Since
t

(GL(l) x SL(n), A‘*”_/TA(*’)

must be a P.V., we have r<n+1 and A{® + --- + A{® must be one of (1)
AY+ - +AL QA+ - AT AL A+ FALB A+ A+
A%. First assume that t = n + 1. Put d = min{degp,,...,degp, }. Then we have

k+s+(n+1)+(d*=-1)+(n*-1)
> dimGL(1)****" x G x SL(n)

> deg|(p; + -+ +p,) ® A, +(0,+ - +0,) ® 1

n+1
+1 @(A(*)’_“\TA(*)))

> ndeg(p, + -+ +p,) +2s +n(n+1)
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and hence

k+d*—13>n(degp, + - - +degp,) +s > n(kd) + s.
Thus we have

0> (n—kd)kd+(k —1)(kd*+d*—1) +s

> (n—kd)2k +(k —1)(4k +3) +s (k>1).
Since each term is nonnegative, we have k =1, s =0, and d = n. Again by
dimension reasons, we have dimG > n? — 1, i.e, G = SL(n) and p, = A%, Itis a
2-simple P.V. of trivial type and also it contradicts by our assumption
(G,py+ - - +pg0,+ - +0,) # (SL(m), Ay + -+ + A, A + - +A®).
Hence we may assume that 1 < ¢t < n.

THEOREM 3.9. Assume that n > ¥ degp,, (G,p; + -+ +p;; 0, + -+ +0,) #
(SL(m), A, + -+ +A;; A+ - +A™) and 1 <t < n. Then

GL(1)****" x G x SL(n),
t
(pr+ - +p)®A +(o;+ - +0,)®1 + 1 ®(A’;’+‘--‘-TA>;))
isa P.V. if and only if
B3)k=1and t
(GL(1)™™' X G0, + -+ +0,+ p, +4p,)
is a simple P.V. or
(3.4)t=1and
(GL()*™ X G, 0.+ -+ +a,+ p, + -+ +p,)
is a simple P.V.

PrOOF. By Theorems 1.14 and 1.16, it is P.V.-equivalent to
t

(GL(l)kHH X G,0,+ -+ +o, +((pl Fodp)F (ot +pk)).

If k=1 or ¢ = 1, the scalar multiplications act independently and it should be a
simple P.V. in [2] and Theorem 1.3 in [3]. Assume that k> 2 and ¢ > 2. Then
(GL()** X G, p, + p, + py + py + -+ +p, + p,) must be a simple P.V., and we
have (G,p, + -+ +p,) = (SL(m), (A, + --- +A)™®)and o; + -+ +0, = A
+ -+ +A{® by Theorem 1.3 in [3], which is a contradiction by our assumption.
Q.E.D.

THEOREM 3.10. Assume that n > Y*_degp,, (G; p; + -+ +pi; 0, + -+ +0,) #
(SL(m); Ay + -+ +A; A+ -« + A1) and t > 2. Then

(GL(l)k*”’ X G x SL(n),

r—1
(p, + ~~-+pk)®A1+(ol+~--+os)®1+l®(A’{/+_~/--+A’i‘+A1))

isa P.V. if and only if t = 2, 3 and one of the following cases holds.
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(3.5) Xk ,degp,+1<n, t=2, and (GLQ)*** X G, oy + -+ +0, + p,
+ --- +p,) isasimple P.V.

(B6) k=1, degp, +1<n, t=3, s=0,1; s=0, (G,p;)=(Sp(m), A,),
(Spin(10), A,), (SL2m + 1), A)); s =1, (G, 0y, p) = (SL(w), A, AY),
(SL(2m)» AZ’ Al)’ (SL(6)’ A3’ Al)

(37 k=1,degp,=n,(@1) s=0,1=2,3,(G,p,) = (Sp(n/2), A)) (n = even),
i) s =1, (G,pp,0) = (Sp(n/2), Ay, Ay) (n = even), (SL(n), Ay, AP (1 =2);
(G, py,0;) = (SL(n), Ay, A,) (n = even), (SL(n), Ay, A%) (¢ = 3), (i) s = 2, t = 2,
(G, p1y 01, 03) = (SL(m), A, Ay, Ay) (n = even), (SL(n), A®), A, AY).

PROOF. First assume that ©¥_, degp; + 1 < n. Then, by Theorems 1.14 and 1.16,
it is P.V.-equivalent to
-1
(GL(l)"““ X G,0,+ 40, +(p+ -+ +p, + 1) ®(1‘+ +‘1)),

which is P.V.-equivalent to
t—1 t—1
(GL(l)"“ X Gooy+ o o, (0T Ty )+ e (T +pk)).

If £>4,itis a non-P.V. by [2]. Even when X*_ degp,=n and >4, it is a
non-P.V. by Theorem 1.14. Hence ¢ = 2 or 3. If ¢ = 2, the scalar multiplications act
independently and we have the case (3.5). If ¢+ = 3, we have kK = 1 by the same
argument as in Theorem 3.9. Hence it is P.V.-equivalent to (GL(1)**! X G, 0,
+ .-+ +o0,+ (p; + p;)) and we have the case (3.6) by [2]. Next assume that
n = X*_ degp, Then itis P.V.-equivalent to

(GL(l)HHl X G,Boy + - +Bo, + vi(apy + - Feypy)

+y,(ailot + - +aglot) {+v:(aup; + -+ +ayp) when 1 = 3})

with (ay,...,0 Bieo s B Yio---»¥,) € GLQ)K* T (¢ =2,3). If k>2,itis a
non-P.V. since v,a;p, + v,07'0% + y,a,p0, + v,05'0% has a nonconstant absolute
invariant. Hence it is P.V.-equivalent to

(GL(I)H' X G,0,+ -+ +0,+ p; + p¥ {+p, when 1 = 3})
and we obtain the case (3.7) by [2]. Q.E.D.

THEOREM 3.11. Assume that n > L¥_ degp, and (G; p, + -+ +p,; 0,
4+ oo 40,)#= (SL(m); Ap+ -+ + A5 A + - + A). Then

(GL(1)"*”' X G x SL(n),

t
(py+ -+ +px) ® Ay + (0, + ---+as)®l+1®(A1+~- +A1))

is a P.V. if and only if one of the following cases holds.
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(3.8) n >t + LX_,degp, and it is a 2-simple P.V. of trivial type.

(39) n=1t—-1+73Xk degp, and (GL()*** X G, o, + -+ +0, + p*
+ -+ +p¥) isasimple P.V.

(3.10) n =1 + X*_,degp,, t > 3, and

(GL(l)"*”’ X G X SL(n),

t—1
(py+ - +p)® A +(of + - +0*)®1+1 ®(A=;mx; + Al))
isa P.V. (see Theorem 3.10).
(B11) n =Xk ,degp; t>2, k=1and
t
(GL(l)‘“x G,of+ - +a*+p, + - +p1)

is a simple P.V.

PROOF. Put r = £%_,degp,. If n > r + ¢, we have (3.8). Assume that r < n < r +
t. Since n-r
P N
(p1+ R +1)®A1

is a regular P.V.,
t

4o dp,+1F 1 ®A
P k 1

is reductive P.V.-equivalent to
n-—r t+r —n

(py+ - +p ) ® A +1 @)(AI?LH--?A1 FAYT T+ A’;)

and hence

n-—r t+r—n
——— ——— )

(GL(I)’xSL(n), AF o FA AT A

mustbea P.V.Sincet+r—n>1,wehaven=r,n=r+lorn=t+r—-11If
n=t+r—1, it is castling-equivalent to (GL(1)*"* X G, o, + --- +o, + p}
+ -+ +p*) and we have (3.9). If n = r + 1, we may assume ¢ > 3 since otherwise
we have (3.8) or (3.9). Since (p, + -+ +p, + 1) ® A is a regular P.V. by Proposi-
tion 1.3, it is P.V.-equivalent to

(GL(l)“’“ X G x SL(n),

t—1
(of + -~ +o0*)®1+(p, + -+ +pk+1)®A1+1®(A"l‘/+__~/~\-TAT))

and we have (3.10). If n = r, it is reductive P.V.-equivalent to

(GL(l)““’ X G x SL(n),

t
(of + - +0*)®@1+(p, + - +p) @A + 1 ®(ATﬁAT))

and hence we have (3.11) by Theorem 3.9. Q.E.D.
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THEOREM 3.12. Assume that n > Y*_, degp, and
(Gypi+ - +pg o+ - +0,)# (SL(m); Ay + -+ A5 AP + -+ +AP).
Then

(GL(l)“”' < G x SL(n), (p, + -+ +p,) ® A,

t—1
+(o, + -~+os)®1+l®(A1+---+A1+A’{) (r>3)

is a P.V. if and only if one of the following cases holds.

(312) n>t—1+ Xk degp,, and (GL)*** X G, o, + -+ +0o, + p;
+ -+ +p,) is asimple P.V.

(313) k=1, t=3, n=degp,, s=0,1; (G,p,) = (Sp(n/2), A;) (n = even,
s = 0); (G,0,,p;) = (SL(n), A,, A%) withn = even, (SL(n), A,, A)) (s = 1).

PROOF. Put r = X*_ degp,. If n > r + t — 1, we have (3.12) by Theorems 1.14

and 1.16. Assume that r < n < r + ¢t — 1. Since
n—r

(p1+ +p,(+1T771)®A1
is a regular trivial P.V., it is isotropic P.V.-equivalent to
(GL()*™™ % G, Byo, + -+ +Bg,
Yoo per(at + - Failot T+ 4yL)
+ o +‘Yl‘1(a1—1pf + o +‘yn_lr)
Hr(op + o Ao+ v+ +'Yn—r))

where (a;,...,a,; By, B Yir---»Y,) € GLQ)K***" Note that t = 1 >n —r +

1. Since v,_ (a7} + a3'03) + v,(a1p1 + a3p,) and v,_y(a7'ot + i) + vi(aypy +
v,) have nonconstant absolute invariants, we have k =1 and n = r. Hence it is

P.V.-equivalent to
t—1

(GL(I)H' X G,0,+ -+ +o,+ p¥F - +p¥+ pl).
By [2] and
(Gspy+ -+ +p oy + - +0,) # (SL(m), Ay + -+ + A, AX + - +AX),
we have (3.13). Q.E.D.
4. The case for (G; p,,....ps; 01,...,05 T,...,7)=(SL(m); Ay, ..., A}
A AR, A, ., AD). In this section, we shall classify 2-simple P.V.’s of

type
k

(GL(l)"”*’ x SL(m) X SL(n), (AIT — Al) ® A,

s t
(A(*)’_’__'.A(*)) ®1+1 ®(A(*Y_/‘+A(*)))



474 TATSUO KIMURA ET AL.

with 2 < m < n. Since
!

GL(1)" x SL(n), A F -~ FAX
( )

must bea P.V., wehave r < n + 1 and

t
/—"

AT TTFAR = (A + - + A, + AP)P

by [2].
4.1. The case when km < n. We may assume that ¢ > 1 since otherwise it is a
2-simple P.V. if and only if

N

(GL(1)* % SL(m), A<*>~TA<*>)

isaP.V.ie,s<m+1and

N

AP TTITTAG = (A + - +A, + AP)™.
THEOREM 4.1. Consider

k
(GL(l)"”*’ X SL(m) x SL(n), (AIT N AI) ® A,

s t—1
(A(*)’dTAm) ®1+1 ®(A1"+ Y W A’;)) (t>1).

(41) Whenn = km + t — 1, itisa P.V. if and only if
k s
(GL(l)"“ X SL(m),AyF -~ FA, + AW F - F A<*>)

isasimple P.V., ie,(1)k=15s<m

N

(A‘l*>ﬁAg*)) = (A + - +A)™,
Wk=2,s+ks<m+1,

s

(A‘*)’_’TA(*)) = A+ A+ AP

(4.2) Whenkm +t — 12 n>km, itisaP.V. ifandonlyifk = 1, m = nand
s t—1
(GL)™ X SL(m), AT 7AW + AT AL + r)

isasimple P.V., ie,)t=12;s+t<m+1,
s

(A(*)"_’TA(*)) =A + - +A,,

ir=>1l,s+t<m+1,
s

A(l*)+... +A(1*)=A’i‘+ ...+A’{_
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PrROOF. By Theorems 1.14 and 1.16, we have (4.1). When km + t — 1 > n > km,
by the same argument as the proof of Theorem 3.12, we have k =1 and m = n.
Then, by Proposition 1.12, we have (4.2). Q.E.D.

THEOREM 4.2. Consider

k
(GL(l)"*”‘ x SL(m) x SL(n), (Al"—+ TF Al) ® A,

s t
HAPTF TFAP) @1+ 1 @AY F - FAY
1 1
2<t<sn+1,km<n).

4.3) Whent—n + 1,itisaP.V.ifandonly ifk =1,s =0, m = n.
(44) When2 <t <nandk > 2, itisa P.V. if and only if

N

A(l*)’+ +\A(1*)= A+ - +A

ands + kt <
(45)When2 t<nandk =1, itisaP.V. if and only if

N

A F T FAY=A + -+ A+ AP

ands +t<m+ 1.

PrOOF. By the argument in the beginning of §§3.2, we have (4.3). When 2 < ¢ < n,
by Theorems 1.14 and 1.16, it is P.V.-equivalent to

s k t
(GL(l)"*‘*’ x SL(m), AW T FAP +(A T ‘Al) ®(1ﬁ1))'

Hence if k =1, we have (4.5). Assume that k > 2. Consider (GL(1)> X SL(m),
(A +A)®QA + 1)+ A}, V) where V = {(xl,xz,x3,x4, Y)|x;,y € k™}. The ac-
tion is given by x — (ayA4x,, a8Ax,, ByAxs, B8Ax,; e'47ly) for x = (x;, X5, X3, X4}

Y)EV and g = (a,B,7v,8, ¢ A) € GL(1)* X SL(m). Then F(x) =
("1 ¥)(*x4y)/(*x,y)("x3y) is a nonconstant absolute invariant and hence A% + (A,
+ A;) ® (1 + 1) cannot be a P.V. Therefore

s s
APF S TFAM mustbe AF - F AL

Since scalar multiplications are not independent,

s+kt
)

(GL(I)"”“ X SL(m), A, F -~ F + A,

isaP.V.if and only if s + kt < m by [2. Q.E.D.
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THEOREM 4.3. Consider

(GL(l)"““ X SL(m) x SL(n), (Al"_+ R Al) ® A,

(A(*)’_"s\q

T A(*)) ®1+1 ®(A’;T~’TTA"; + Al)) (1> 3).

(4.6) When n > km, it is a P.V. if and only if

N
/—/‘

AT TTAR = A 4 - +A,

s+ k(t — 1)< m (and k = 1 when n = km).

ProOF. First assume that n > km + 1. By Theorems 1.14 and 1.16, it is P.V.-

equivalent to

N
/—M

GL(1)*"*"" x SL(m), A F -~ A
+(A1+ TTTA +1)®

which is also P.V.-equivalent to

N

(GL(1)*™* X SL(m), A® + T+ A®

Clearly
(GL(1) x GL(1) X SL(m), A, ® 1® At + 1 ® A, ®(A, + A)))

is a non-P.V., and hence

AP FTTHAM = A+ - AL

Since scalar multiplications are not independent,
s+k(t-1)
(GL()*** x SL(m), A, + 7 +A,)

is a P.V.if and only if s + k(¢ — 1) < m by [2]. When n = km, we have k = 1 and
n = m by the similar argument as the proof of Theorem 3.10. Then, by Proposition
1.12, it is P.V.-equivalent to

s t—1
/'-—_

(GL(l)”’ X SL(m), A F - FA® + A, F - FA, + A’;) (t>3)

and we obtain our assertion. Q.E.D.
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THEOREM 4.4. Consider
k

P

(GL(l)"“*' X SL(m) x SL(n), (A1 T F Al) ® A,

s t
(A(*)’dTAW) ®1+1 @(A1 ¥ Al)).

@7 Ifn=km+ut, itisaP.V. if and only if
N
(GL(l) X SL(m), AT+ A‘*))
is a simple P.V.
(4.8) Whenkm + t > n > km+ 1,itisa P.V. ifand only ifn = km + t — 1 and

k s
(GL(l)"” X SL(m), A F -~ FTAY + AWF - F A<*>)

is a simple P.V.
(4.9) When n = km + 1, it is P.V .-equivalent to
k s t—1
(A1 ¥ T Al) ® A, +(A‘1*> F oo ¥ A(l*))* ®1+1 ®(A’{mA’; + Al)

(see Theorem 4.3).
(4.10) When n = km, it is P.V.-equivalent to

k s t
(A ¥ )@A +(A<*> +A<1*>)*®1+1®(A’f’+_'~TAf)

(see Theorem 4.2).

PROOF. If n > km + ¢, it is of trivial type (see Definition 1.1) and we have (4.7).
Assume that km < n < km + t. By the same argument as the proof of Theorem
311, we have n=km+t—1, km + 1, or km. When n = km + t — 1, we have
(4.8) by a castling transformation. If n = km + 1 (resp. n = km),

k
(Al’_+ S 1) ® A, (resp. (Al’—'+ i Al) ® Al)
is a regular trivial P.V., we have (4.9) (resp. (4.10)) by Remark 1.32. Q.E.D.
4.2. The case when km > n.

THEOREM 4.5. Assume that k > 2. Then

(GL(l)k x SL(m) x SL(n), A, ® A, T~ TA, ® Al) (m,n>2)

isa P.V. if and only if m #+ n and dimG > dimV, i.e., k + (m* — 1)+ (n? — 1) >
kmn. More precisely, we have
(4.11) If dimG > dimV (hence m # n), it is castling-equivalent to a trivial P.V.
(4.12) If dimG = dimV and m +# n, it is castling-equivalent to

k
(GL(l)" x SL(k - 1), A, T T F Al).
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PRrOOF. If it is a P.V,, then m # n by Proposition 1.12. Now assume that m # n
and dimG > dimV. If n > km, it is a trivial P.V. If km > n > m, then it is
castling-equivalent to

k
(GL(l)" x SL(m) X SL(n), A, ® A, + " % A, ® Al)

with n’ = km — n. Since dimG > dimV, we have k < (m? + n?> — 2)/mn — 1 <
n/m+1,ie, n" <m. If m>kn’, it is a trivial P.V. If kn’ > m, then we have
m’ = kn’ — m £ n’ and we can go ahead similarly. By repeating this procedure, it
can be reduced to a trivial P.V. or a simple P.V.
k
(GL(l)k x SL(my), A, T T AI) with k < mg + 1.

If k < m, itis a trivial P.V. and we have our result. Note that dimG = dimV if and
only if the generic isotropy subalgebra is {0}. Q.E.D.

According to (4.11), we shall consider conversely, namely, we start from a trivial
P.V.

LEMMA 4.6. Let (P,) be a trivial P.V.
k
(GL(l)k x SL(m) X SL(n), A, ® A, T -7 TA, ® Al)
with k > 2 and km < n. Then, by the j-times castling transformation, we obtain a P.V.
(P)), as follows.

(4.13) (P)):
k
(GL(l)k X SL(a;n—a;,_ym) X SL(a;,;n—am), A, ® A+ - + A ® Al)
with a;n —a;_m < a;.\n — a,m where {a;} is given by a_, = -1, ao = 0 and

a;=ka,_;—a;,_,(j=1), namely, a; = j (k = 2), and

ol ) o

2 2

PrOOF. We shall prove by induction on j. If j =0, we have agn —a_m =m
and a;n — agm = n, i.e., the lemma holds. Assume that the lemma holds for j — 1.
Then we have (P, _,):

k

—_—

(GL(l)" X SL(a,_yn = a,_ym) X SL(an — a,_jm), A, ®(A1 T AI))

witha, ;n —a;,_,m £ an—a,_;m. By acastling transformation, we have
k

(GL(I)k X SL(n") X SL(a;n —a;_ym),A; ® A{+ -+ + A, ® Al)
where
n' =k(an—a,_m)—(a,_\n—a;, ,m)

= (kaj - a_/-,l)n —(kaj_1 - u,_z)m =a, . n—am,

/
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ie., (P;). Note that we have n’ > a;n — a;_;m by the proof of Theorem 4.5, or by
direct calculation. Q.E.D.
From now to Lemma 4.11, we use GL(1)***** X GL(m) X GL(n) instead of
GL(1)**<** x SL(m) X SL(n) for simplicity. This causes no essential change.
LEMMA 4.7. Let .
(GL(l)" X GL(m) X GL(n), A, ® A{+ -+ A, ® Al,V)

be a triplet with
k

P nmama e N
V=M(m,n)® - --- &M(m,n)
and m < n. Then the isotopy subalgebra &, at x = ([1,,10], X;,..., X,_)) € V is
given by

B, B
(414) @x= {(Bk’ﬁlv"’ﬁk—l;_tBl_Bklm; B = [0 B122:|)

€ gl(1)* @ gl(m) @ gl(n)|

(Bi—B)X,—'BX,+ X' B=0fori=1,....k — 1}.

PROOF. For
Bk B B _1» A B = ‘ ! 12 ‘)
11 syl MPk—1> ’ 821 Bz

€ ® = Lie(G) = g1(1)* ® gl(m) ® gl(n),
we have
dp(A)x = {[Bil, + 4 +'B,|'By],
By X, + AX, + X\'B,...,By_1 X, + AX,_| + X,_,'B}.
By definition, ® , = {4 € ®; dp(A4)x = 0}, and we have our result. Q.E.D.

LEMMA 4.8. Let
k

e —

(GL(l)" X GL(n) X GL(kn —m), A, ® A, ¥ -~ + A, ® Al,V’)

be a castling transform of the triplet in Lemma 4.7. We identify V' with
k

M(n, kn — m)mM(n,kn - m)
and take a point x' = ([1,|0] (= Xg), X{,..., X/_,) of V' where
Xg
= (1(/(—1)"'0)
Xi s
and
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Then the isotropy subalgebra &’ .. at x' is given by

t
B, B
o _ _ .t — 1 12 .
(415) © B,....-B,; —'B [ 0 B ])
B, + B X
' - | B
Bi_11, + B X 1
0 ‘ Bkln—m + B2

egl(1) @ gl(n) ® gl(kn — m)|

(B, — B)X, —'B\X,+ X;B=0fori=1,....k — 1}.

In particular, we have dim &', = dim & .

ProoOF. For

A~,_(ﬁ, B,_B,_[B; a},c,_ ¢ Ch
- 15+ Pk> - ) -

By B G G

with B € M(m) and C{ € M((k — 1)n), we have

~ Blln B I(k—l)n O
dp(A")x" = —,
Xk—l
Bil, + B’
+ —I(k—l)n 0 'Cll ICle
| X ‘Ch, G
Bi1,+ B’
ve| |
B BI,<~11n + B/ -

BiXi -1+ BX( . + X ,'C
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and hence
(Bi1,+ B
C/=-
Bil, + B
and C;, = 0. Therefore, we have
F ‘ B,
Cho+ By(Xyyeo, X 1) | G+ Bidy + B3

BLX( .y + BX[ + X[_'C’ =

=0
where
F=((Bi~Bi)X +BiX,~ X,B',..,(Bi~ Bioy) Xeoy + B{Xy_y — X, B').
Thus, by putting 8, = -8/ (i =1,..., k) and
- g = [Bl BlZ],
B21 BZ
we obtain our result. Q.E.D.
Let
P, = (GL(l)" X GL(m) X GL(n),
k
AM®A+ - +A A, M(m,n)® --- eaM(m,n))
be a trivial P.V. with km < n. Take a generic point x,= ([1,|0] (= XQ),
X2,..., X2_,) such that
X5
= (Ikm O)
X0
We define inductively the point x; = ([1, 0] (= XD, Xi,..., X,{_l) of
P = (GL(l)k X GL(a;n — a;,_ym) X GL(a;,1n — a,m),

A @ Al’+‘~“-k‘-TAl ® Al)
by
X{ | |
| = (Tu-y, 0) and x,{_1=(X{-l,..Xz:%| o)
le—z 0 | 1

with r = a;n — a;_;m. Then, by Lemmas 4.7 and 4.8, the point x; is a generic point
of a P.V. P, and the isotropy subalgebra @x, at x; is of the form &, = {(ay, ..., a;
~'A_,, A})}. First we shall consider

‘ k

P/ = (GL(ajn —a,_ym)XGL(a,,;n—am), A, ® Ay + -~ FA,® Al)
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instead of P,. Then the isotropy subalgebra @;I at x; is of the form @5;/ =
{(-'4,_,, 4,)}. For simplicity, we denote

by A’ for any matrix A’.

LEMMA 4.9. Put —'A_, = A € gl(m). Then we have

4 o
(4.16) -4, = Ax1 , A, = 4k-1 ,
F| kK | F | EF | F
—'Af—ll
_'Aj/f—22
-4, = (j>2)
J _
—’A’(; 2
Ak—l
n—km { * F2 F

Here (+) is independent of F,. The number of A contained in —'A; is a,.

ProOF. The former part is inductively obtained from (4.14) and (4.15) (putting
B, = --- = B, = 0). Note that if
n— km
)

B, = (0| *

in (4.15), which is independent of F,, then

X,
| Bi
X1
is also of the form
n— km

=)
independent of F,. Let b, be the number of 4 contained in —‘A,. Then b, = k = a,.

Assume that b,_, = a”,'. By (4.16), we have

b= (k=1)b,_,+(b,_, = b, ,)=ka,,, —a,=a,,, QED.

/
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LemMma 4.10. For j > 0,

N
—_——

(GL(ajn —a,_,m) X GL(a,,\n — a;m), (A1 T Al) ®1
k t
(A ® AT TTA, @A)+1®(A=;’-+ T +A’{))
isaP.V. ifandonlyifsa;, , +ta, ., < m.

PRrROOF. The generic isotropy subalgebra of
= (GL(ajn—aj(_lm)XGL(aan am), A, ® A+ : T FA®A )
is {(-'4,_y, A;)} where -4, is of the form (4.16). Hence, if our spaceis a P.V.,
(GL(m) A/-}-_/TA ) withr=sa, , +1a,,,
must be a P.V., and we obtain sa; ., + ta;,, < m. However, thanks to F, in (4.16),

the converse is also true. Q.E.D.

LEMMA 4.11. Forj > landt > 1

(GL(l)"“*’ X GL(a;n — a,_ym) X GL(a,,\n — a,m),

K k t
(AF %A e1 +(Al ® AT TA® Al) +1 ®(AfﬁAf))

isaP.V.ifandonlyifsa, ., +ta;, , < m.

PROOF. Assume that it is a P.V. The generic isotropy subalgebra of
= (GL(l)k X GL(a;n — a;_ym) X GL(a;,,n — a;m),
k

A®A+ - +A1®A1)

is given by &, = {(a;,..., 045 —4}_,, A4))} where -4’ is obtained from -4, in
(4.16) by replacing A by v,/ + A,...,v, I+ A (r = a,+2) for some scalar multlpll-
cations vy,,...,v,. Hence we have sa,,, + ta;,, <m + 1 and the equality holds
only when scalar multiplications act independently. By Lemmas 4.7 and 4.8, we have

k-1
{vio---. v} = {a,-—a,,}(i*,z)U{O,..., O} forj=1,r=a,=k>-

Since t>1and y/=a, —a; + A, y5=A, y; = a;, — «; + A are not independent
for any A (i.e. y{ + y; = 2y3), scalar multiplications cannot be independent and we
have sa;, | + ta,,, < m. The converse is obvious by Lemma 4.10. Q.E.D.
DEFINITION 4.12. Let R be the set of triplets (k,m,n) of natural numbers
satisfying k > 2, n > m > 2and k + m> + n?> > kmn + 2. For (k.m. n) € R, there
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exists a nonnegative integer j such that
k
(GL(l)" X SL(m) X SL(n), A, ® A, T -~ FA, ® Al)

is transformed to a trivial P.V. by j-times castling transformations (see (4.11)). This
number j is uniquely determined if we use only castling transformations which make
the representation degree smaller. We denote such j by y/(k, m, n). Thus we obtain
amap y: R—Z,={0,1,2,...}. For example, Y (k,m,n) =0 if and ouly if
mk < n. Note that y(k,m,n) = min{i; C; <0} where C_,=n, C_,=m, C;,=
kCioy = G, (i 2 0).

THEOREM 4.13. Consider
S

(GL(l)"*”’ x SL(m) X SL(n), (AfmAl) ®1

k t
+(A1 ® AT - TA, ®A1) +1 ®(A={T’TTA’{))

withkm > n>m>2andt > 1. Thisisa P.V. ifand only if (k,m,n) € R and
sa,,, +1a;,,<a;,m—an (es+ki<m —(a;/a,,,)(n - 1))

forj = y(k, m,n) where y: R — Z__ is the map defined in Definition 4.12, and {a,}

is definedbya_; = -1, a,=10, a, = ka;,_| — a;_, (i = 1).

PROOF. Put m=a;n" —a,_ym’ and n=a; \n" — am’. Then we have m’ =
a;,ym — a;n, and hence we obtain our result from Lemma 4.11. Note that a f -
a;,,a;_, = 1, which is obtained by taking the determinant of
a. a. a;_ a.;
(!, )= HE o) een,
LEMMA 4.14. Assume that
5y S

(GL(l)"“*’ X SL(m) X SL(n), (A1 T FA+ATTF o F A’;) ®1

k t ty
+(Al ® AT TTA S Al) +1 ®(AlﬁAl + A’;ﬁAT))

(s>lort>1)

withkm>nz>m>2 s=s,+s,, t=1t +1t, isaP.V. Then one of the following
cases holds.

(Ia)s,=1,=0,¢t,2>1,

(I-b) s, =1, =0,

(I¢c)s;=1t,=0,5,2> 1.

(Il-a)s, =0,t, 21, 1,=1,

(dI-b) s, =1,s5,21,¢t,=0.

(IMl-a) s, =0,¢t, =1,1, > 2,

(III-b) s, > 2,5, =1,¢,=0.

IV)s, =1, =1
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PROOF. Since A} + --- +A; + Af + -+ - + Af mustbe (A;+ -+ + A+ AP)®
by [2], it is enough to show that if (a) s;21L, 6,22, 0or(b) s, 22, 1,>1,itisa
non-P.V. By Theorem 1.14, the prehomogeneity of

(GL(1)* x SL(m") X SL(n'), At ® 1+ A, ® A, + A, ® A, + 1 ® (At + AY))
implies that of (GL(1)* X SL(n’), A, + A, + A% + A%) for any m’, n’ > 2, which
is a contradiction. Thus we obtain our result. Q.E.D.

THEOREM 4.15. The cases (1-b) and (I-c) in Lemma 4.14 are castling-equivalent to
the case dealt with in §4.1 or to the case (1-a) which is already classified in Theorem
4.13.

PRrOOF. The case (I-b) is castling-equivalent to

4
P e N

(GL(l)"“' x SL(n’) X SL(m), (Al T Al) ®1

k $1
+(A1 ®AT TN ® Al) +1 ®(A’{’—+ = A’{)

with n’ =km +t, —n. Ifitisa PV, we have n’ < m,ie, t;, sn—(k—1)m. In
fact,

(GL(l)"*"“"“’"‘ X SL(m) x SL(n),

k n—(k— )m
A1®A1+~-+A1®A1+1®(A - +A))
is castling equivalent to

(GL(l)“"“"“’"‘ X SL(m) x SL(m),

k
(A1‘+~-+A1+1+---+1)®A1) (k>2),
which is a non-P.V. by Proposition 1.12. If kn’ < m, it is the case dealt with in §4.1.
If kn” > m and s, > 1, it is the case (I-a). If kn’ > m and 5, = 0, then 7, > 1 and it
is castling-equivalent to

GL(1)**" x SL(m’) x SL(n’"),
k 1
A ®AF - +A1®Al+1®(A’;+ +A*{))

with m” = kn’ — m < n’. If km’ < n’, it is the case in §4.1, and if km”> n’, it is the
case (I-a). Similarly one can show that the case (I-c) reduces to (I-b) or to the case in
§4.1. Q.ED.
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THEOREM 4.16. (1) The case (1I-b) in Lemma 4.14 is transformed to the case (11-a)
or to the case in §4.1 by a castling transformation. (2) Consider the case (11-a), i.e.,

N
GL(1)****" x SL(m) x SL(n), (A1 - +‘A1) ®1

k t—1
(A ® AT TA, @A)+1®(A§+A1’_+~-_“-+Al))

(t=2,km=>n=m).
Putn"=km+t—n—1 Thenitisa P.V. if and only if (i) kn’ < m and (k + s)k
+t—2<n" or (i) kn"zm, (k,n’,m)€e R and (t — Da; .+ (k+s)a;,, <
a; . n’ — a,mwithj = y(k,n’, m) (see Definition 4.12).

PROOF. (1) By a castling transformation, (II-b) is transformed to

t

(GL(l)"*”’ X SL(n") x SL(m), (A1 T F Al) ®1

k s—1
e e

+(A1®A1+~~+A1®A1)+1®(A’;+A1+~-~+Al) (s>2)

with n’ = km + ¢ — n. Hence, it is the case dealt with in §4.1 when kn’ < m and it
is the case (1I-a) when kn’ > m. (2) Since the GL(n) part of the generic isotropy
subgroup of (GL(1)? X GL(n), A, + A%)is

{(g 2); a€ GL(1), 4 € GL(n - 1)},

(II-a) is isotropic P.V.-equivalent to
k+s
(GL(I)M X GL(m) X GL(n — 1), (AlﬁAl)

k t—2
+(A1 ® AT TA,® Al) +1 ®(A1’_+ — Al))

(cf. Lemma 2.20), which is castling-equivalent to
-2
(GL(l)“‘ x GL(n’) X GL(m), (Al’_+ g Al) ®1
k ' k+s
+(A1®Al’+~~ +‘A1®A1)+1®(A*{+--- +‘A={)) (1=2)

with n” = km + t — n — 1. Note that the scalar multiplications are no more inde-
pendent. Assume that kn’ < m. If it is a P.V,, then k + s < m by (4.3) since we
have k > 2 by km > n > m. Hence, by Theorems 1.14 and 1.16, it is P.V.-equivalent
to

=2 k k+s
(GL(l)“’ x GL(n'), Ay F 7 FA, +(AlﬁAl) ®(1T?‘?1))

and we have t — 2 + k(k + s) < n’, i.e,, (i). Next assume that kn’ > m. If it is a
P.V., we have n’ < m (see the proof of Theorem 4.15). Similarly as Theorem 4.13, by
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using Lemmas 4.10 and 4.11, we have our result. Note that, by Lemma 4.10, the
statement in Theorem 4.13 holds even when the scalar multiplications are not
independent. Q.E.D.

THEOREM 4.17. (1) The case (111-b) in Lemma 4.14 is transformed to the case in
§4.1, or to (111-a) by a castling transformation. (2) Consider the case (111-a), i.e.,

s
P

GL(1)***** x SL(m) x SL(n), (A1 FoF Al) ®1

k t—1
+(A1 ®A T TTA® Al) r1e(A + AT +A’{‘))

(t=3,kmznxzm).

This is a P.V. if and only if (k,m,n—1)€ R and (s + k)a;,; + (t — 2)a;,, <
a;.ym —a;(n—1) forj=y(k,m,n— 1) (see Definition 4.12).

PROOF. (1) is obvious. Similarly as Theorem 4.16, (III-a) is isotropic P.V.-equiva-
lent to

k+s
P e N

GL(1)*** x GL(m) x GL(n - 1), (A1 + -+ Al) ®1

+(A®A + - +A, @A) +1O(A + -+ +A’;)).

If it is a P.V., then we have m < n — 1 by Theorem 4.5. Thus we have (2) similarly
as Theorem 4.16. Q.E.D.

THEOREM 4.18. Consider the case (IV) in Lemma 4.14, i.e.,
s—1
(GL(l)"”*' X SL(m) X SL(n), (Aq + AT Al) ®1
t—1
e e
+(A1®A1+ +A1®A1)+1 ®(At+ A+ - +A,)

(s=>1,t>1,kmzn

v

m).
This is P.V.-equivalent to

k+s-—-2
e e

(GL(m—l)xGL(n—l),(A1+-~+A1)®1

k k+t—2
+(A1®A1+ +A1®A1)+1®(A1+ ---+A1)).

Put " =km+t—n—1. Then it is a P.V. if and only if (1) kn'<xm—1
and k+t—2+k(k+s-2)<n’, or 2) kn'>m-1, (k,n’,m—1)€ R and
(k+t—2a; +(k+s—2a;y<a;4n —a(m—1) for j=y(k,n’,m—1)
(see Definition 4.12).

PROOF. By considering the generic isotropy subalgebra of (GL(1)® X GL(m) X
GL(n), A¥®1+ A, ® A, + 1 ® A¥) similarly as the proof of Lemma 2.20, we
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obtain the former statement. By a castling transformation, we have

k+1t-2
(GL(n’)XGL(m—l),(A1+ SEWEY

k+s—2
+(A,®A, + - +A, ®A)+1 ®(A’;T’-~TA’{))

with " =km+t—-—n—1.1f kn’<xm—1, then we have k + s —2<m —1 by
(4.3). Hence, by Theorems 1.14 and 1.16, it is P.V.-equivalent to
k+1-2 k k+s—2

/

(GL(n’), (A7) + (AT ®(1f.‘.T1))

and we have (1). If kn” > m — 1, then we have (2) by Lemma 4.10 similarly as
Theorem 4.13. Q.E.D.

5. List of (indecomposable) 2-simple P.V.’s of Type II.

5.1. 2-simple P.V.s of type 11 obtained from any given simple P.V. (GL(1)! X G,
py+ --- +p) withdegp, 22(i=1,...,1).

1)

(GL(1)"""x G x SL(n), (o, + -+~ +0,)® A, +(p, + -+ +p,) ® 1)

for any representation o, + --- +0, of G and any natural number n satisfying
n > dega, + --- +degg,.
@)

(GL(I)M X G X SL (Tk degp, + t = 1), (py + -+ +p)
t

O, +(pt,, + - +pr) @1 +1 ®(A1"+ — +Al)) 1<k<i)

foranyt > 0.

3

(GL(I)’*’ X G X SL(n),(p, + -+ +p,) ® A,

t—1
+(pk+1+---+p,)®1+1®(A1+'--+A1+A’{‘)) 1<k<l)

for any pair of natural numbers (¢, n) satisfying ¢t > 1 and n >t -1+ degp,
+ --- +degp,.

Note that any one of (1)-(3) is P.V.-equivalent to a simple P.V. (GL(1)' X G,
p, + -+ +p,;). For the convenience of the reader, we give the list of simple P.V.’s.

List of Simple P.V.’s (GL(1)' X G,p, + - -+ +p,).

(1) Irreducible case (see [1]).

(I-'1) G = SL(n), py = A, Ay,2A53A, (n=2); Ay (n=26,7,8).
(1-2) G = Sp(n), p; = A;; Ay (n=3).

(I-3) (GL(1) X SO(n), A,).
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(I-4) (GL(1) X Spin(n), (half-)spin rep.) with n = 7, 9, 10, 11, 12, 14,

(I-5) (GL(1) X G,, A,, V(7)), (GL(1) X E¢, A4, V(27)), (GL(1) X E,, A, V(56)).
(I1) Nonirreducible case ([2], with a correction in [3]).

(II-1) G = SL(n);

-1
AT FA+AY (2<isn+1,n>2),
l
2A, + AP, A+ AT FAY (2<i<4,n>4)

except A, + A+ A+ AY for n=o0dd, A,+ A, (n=o0dd), A,+ A, + A%
(=5, A+ A (n=67,A;+ A, + A, (n=06).

(I-2) G=Sp(n); Ay + A, Ay + A+ A A+ A (n=2); A+ A, (n=13).

(II-3) G = Spin(n); spin rep.+ vector rep. (n = 7), half-spin rep.+ vector rep.
(n=28,10,12), A + A (n = 10) where A = the even half-spin rep.

Here A* denotes the dual of A; and A{* stands for A, or A%}. Note that
(G,p,V)=(G,p*,V*) as triplets when G is reductive. Since (Spin(2rn), even
half-spin rep.) = (Spin(2n), odd half-spin rep.), we simply write as (Spin(2n),
half-spin rep.). Note also that (Sp(2), A,) = (SO(5), A).

5.2. 2-simple P.V.s of Type 11 dealt with in §2, i.e., (GL(1)***** X G X SL(n),
(py+ - +p)®A + (0, + - +0)®1+1® (1, + -+ +1,)) with 2 < degp,
<sn(i=1,...,k)yand (1, + --- +1)# (AP + - +A{).

(4) G = SL(m)(2 <m < n).

@) P =A @A +1®2AX(+A®®1); A, ® A, +1® AP (+T) with
T=A®®1,(A®+A*)®1,10 A%, A¥®1+ 1 A*.
@I)n=even; P =A, @A, + 10 AP+ T
1-0) T=(A;, + A @1+ 1 A™, (A, + A + AY)®1,
(AL + A+ AP 1.
-y m=even; T=(A; + A{+ AL (A + A1+ 11 A,
(I-2) m=o0dd; T=A,® 1,1 ® (A{ + A®).
(4-1I1) n = odd.
(Ayp'=A, ® A, +1® A, + T with:
(III-0-A) T= (A, + AD®1+1® A* (m>3), A% ® 1,
A+ A +A)PR1(m>23), (A, +A)®PR1+10A,.
(II-1-A)y m=even; T=A,® 1, (A + AH)®1 +1® A, 1 ® (A, + AY),
1 ® (A% + A¥).
(II-2-A) m=0dd; T= (A, + A, + A1) ®1,1® (A, + A)), (A, + A ®
1+18 A%
B)p=A,® A, +1® A% + T with:
(II-0-B) T= (A, + M+ AD S L (A, + A+ AP 1 (A + A ®
1+16 A%.
(III-1-B) m=even; T=(A; + A, + A)®1, 1 ® (AY + AY), (A, + AY)
@1+ 1 Af.
(III-2-By m=0dd; T=A,® 1,1 ® (A, + A)), 1 ® (A, + A¥).
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5) G=SLQ2)@2 <n).
G-Dp =2A,0 A +10 AY(+A, ®1).
G-I)p =A,® A +1® A, + T with:
I1-0) T=2A,®1,2A,®1+1®A,.
(II-1)n=-even; T=3A,® 1, QA + A)®1,2A, ®1+1® At
G-I pP=A, ® A +1® AL+ T with T=2A,®1,3A, ®1, A, + A))
®1,2A,®1+1® AM.
G-IVyYn=5;p = A, ® A; +1® (A% + A%).
5-V)y n=6; P =A;®A, +1@A;(+T) with T=10 A%, 6®1 (0=
AL2ALBAL AL+ AL2A + ALA A+ A
G-VD)n=T;0=A, @A, +1® AY(+A, ®1).
(6) G=SL3)(3 <n).
6DA, @A +10 AP +2AM 1.
6-ID)n="5 A ® A, +1® (A, + A,).
(7) G=SL(4) (4 <n).
(7-) n=o0dd; p=A; ® Ay +1®A,+ T with T=2A,®1, (A, + A{¥)
®1, A, ®1+1® A%
I n=5 A®A +1® (A, +A)).
(7-1II) n=6; A\ ® A; +1® Ay(+T) with T=At®1, AF®1, (A% +
AHY® 1,10 A,
®) G=SL®) (S <n).
BIDn=even; pP=A; @A +1® AP+ (A, + A¥)® 1.
@I n=o0dd; P =A; @A +1 QA5+ (A, + A)®1, p=A, ® A +1
@A, + TwithT=(A%+A)®1, A5®1+18 A%
@BIDn=6p=A®A +1® Ay, (+T) with T=A®®1, A¥®1, (A}
+ A®)e 1,10 A%
BIVYn=T,p0=A®A; +1® A},
(9) G = SLQ2r) (n =2r + 1).
ODA®A +1®A5+1® (A, + Ay
(O-I) r=3 A, ®A +18 AX(+A® ® 1) (n = 7).
(10) G = SL(n).
PP=A @A +(p+ o Hp) @1+ 1®(pfy + o +p))
where (GL(1)" X SL(n), p, + -+ +p,) is a simple P.V.
(11) G = Sp(m) 2m < n).
11-) n=o0dd; p'=A, ® A, +1® A,.
A1-I) n=o0dd; m=2; pP =A@ A, +1®@A,+TwithT=A,®1, A,
®1,1® A%
A1) n=6m=2p=A ® A, +1® A,
5.3. 2-simple P.V.s of Type 11 dealt with in §3, i.e.,

k+s+1t

GL(1) XG X SL(n), (p, + -+ +p,) ® A

—— )

+(o;+ - +0)®1+1 ®(A<1*’+ A



P.V.-EQUIVALENCES 491

with 2 < degp, <n (i=1,...,k) where (G; py,...,pPs 0y5-..,0,) #* (SL(m);
G A AP, A, Flrst note that the P.V.’s in (3.8) (resp. (3.2), (3.9); (3.4),
3.5), (3.12)) belong to (1) (resp. (2); (3)) in §5.1.
(12) (GL(1)> x SL(4) X SL(8), (A, + A)) ® A)).
(13) G = SL(m).

A3-D P =A @A +1@(AY+ A+ T (m<n)with T=AP®1, (ALY
+AD®L (A + AN, AP®1I+1@AL, A5®1+10 A, (A, +ANH®1
(m=-even), A,®1+1®A, (m=even), A;®1 (m=6), A;®1+18® A,
(m = 6).

13- =A @A +1@ (A + A +A)+T(n=m+ 1DwithT=A,®
1, A ®1(m=even), A;®1(m=6).

(A3-II) P = A, @ A+ T (n>im(m—1) with T=1® (A¥ + A¥) (m =
odd), 1® (A;+ A+ A)(m=o0dd, n>im(m—-1)+1), AT®1+1® (A} +
A Y(m=5,10 (A, + A+ A)(m=2m"+1L,n=2m*+m +1),1® (A, +

AD(m=2m+1,n=2m"+m), A, ®1+1® (A, + A)) (m=25, n=10).
(14) G = Sp(m) (n = 2m).

A4-D) p'=A;@A + 1@ (AP + AN)+T)withT=A; 81,10 A},1® A,
(n>=2m+1).

Q4 p =A@ A +1@ (A + AX+T)(n=2m)withT=A,0®1,1®
A,

(14-II1) (GL(1) X Sp(m) X SL2m + 1), A, ® A; + 1 ® (A; + A, + A))).

(15) G = Spin (10) (n > 16), o’ = half-spin rep. ® A; + T with T =1 ® (A¥ +
A1 (A + A+ AN (n>17),1@ (A, + A+ A) (n=17),1® (A, + A)
(n = 16).

5.4. 2-simple P.V.s of Type 11 dealt with in §4, i.e.,

(GL(1)**51*52%% 2 x S1L(m) x SL(n),
5 5 k

(A+ TTA, +A*’_/-~A+A*;)®1+A1®A1+~~~+A1<53>A1

f t

+1 ®(A1‘+~-+‘A1+A’;‘+~--+‘A’;)) (n>m=>2,k>1).
First we shall give the list of P.V.’s when n > km. Let N(m) be the set of pairs

(a,b) of nonnegative integers satisfying1 <a+ b <m + 1,and oneof a and b is 0

orl,ie.,
a b

(GL(l)“+b X SL(m), A\ T T TA, + AT A’{)

isa P.V.
(16) The case when n > km.
First note that P.V.’s in (4.7) (resp. (4.8); (4.1)) belong to (1) (resp. (2); (3)) in §5.1.
(A6-I) n =m, k =1; (s, + t,,5, + ;) € N(m).
(16-1I) n = km (k > 2)
(16IIa)tl—02 <n; s,=0,5 +kt, <
(16-11-b) 2 < ntz—O 5:,=0,s5,+kt;<m
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Q6-lll) n=km+ 1, ¢, 23;t,=5,=0, 5, +k(t; - 1)< m
(16-IVy n 2 km + t,, n > km.
(16-IV-a) k=1,¢=0,2<t, < ,(s1+t2,s2)eN(m)
(A6-IV-D) k22,4, =0,2<t,<n; 5,=0, 5, + kt, <
Q6-IVc)k>1,1,=1,2<t,<n;5,=0, 5, + kt,<m

Next we shall give the list of P.V. s when km > n. In this case, we shall use the
following notations: j = Y (k, m, n) for (k, m, n) € R (see Definition 4.12), and for
{a;} defined bya_, =-1,a,=0, a, = ka,_, — a,_, (i = 1) (see Lemma 4.6), put
bj=a/a;,,.

(17) s, =s,=1t;, =t,=0; dimG > dimV, i.e, k + (m? — 1) + (n?> = 1) > kmn.

18) s, =1, =0.

(A8-I) m = kn’, s, =0; t; <n + L.

Q8-I) m=kn', s, =1, k+1, <n’ + 1.

(A8-IIIy m = kn’, 2 < sy < m; 1, + ks1

(18-1V) kn’ > si=21 8 + ks, < bj(m - 5).

(18-V) kn’ > m, n’ >km',s,=0,t, =1 k<sm' + 1.

(A8-VI) kn’ = m, n" > km’, s, = 0,2 < t, < n'; kt; < m’.
(18-VID) kn" 2 m, km’ 2 n’; s, =0, t; > 1, kty < m’ — by(n" — 1)).

Here, n'=km+1t,—n (xm), m ' =kn’ —m (< n’), and (k,n’,m) (resp.
(k,m’,n")) € R, j=y(k,n",m) (resp. Y(k,m’,n’)) in (18-1V) (resp. (18-VII)).
Note that (18-I) (resp. (18-1I), (18-V)) belong to (1) (resp. (3)) in §5.1.

19)¢,=0,s5,=1,5, > 2.

A9-) m > kn'; t;, + ks, < n
(19-11) kn" 2 m; t; + ks; < n’ — b(m — 5;) where n’ = km + 1, —n (£ m),
(k,n',m —1)E€R, j=y(k,n’,m—1).
20)t,=0,s5,21, 5, = 0.
20-I) m = kn’ + sy, t; <n” + 1.
Q@0-ID)m=kn"+5,—1; 4, =0,1, k+ ¢, <n" + 1.
(20-1II) m = kn’ + 1, m>s2 >3;,1=0, k(sz—l)
20-IVY m=kn’, m > s, > 2; t; = 0, ks, <
(20-V) kn’ 2z m, n’ > km’, t,=0; s, <m + 1.
Q0-VI) kn’ 2z m, n’ 2 km’, t, = 1; s, + kt; <m’ + 1.
Q0-VID) kn" zm, n" 2 km’, n’ > t; > 2; s, + kt; <m
(20-VIII) kn’ = m, km’ 2 n’, \ >1; s, +kty<m’ —b(n — 1))
(20-IX) kn" = m, km’ 2z n’, m" > kn”, t, =0, s, =1; k<n” + 1.
(20-X) kn’ 2 m, km’ 2 n’, m’ > kn”, t —0 m =s,22; ks, <n
(20- XI) kn" z m, km' > n’, kn" zm, t;=0,5,>1; ks; <n” —b(n" —5,).

Here ' =km+1t, —n (s m), m’ —kn -+-s2 m(sn’), " =km'—n' (<
m’) and (k, m’, n’) (resp. (k,n”,m’)) € R, j = y(k,m’,n’) (resp. Y(k,n”, m’)) in
(20-VIII) (resp. (20-XI)).

Note that (20-I), (20-V) (resp. (20-1I); (20-VI), (20-IX)) belong to (1) (resp. (2);
(3)) in §5.1.

2, =0,s5,21, 5, =1.

Q1-D) kn" 2 m, n" 2 km'; (s, — 1)+ k(k +t))<m
21-11) kn’ = m, km >n(s— D)+ k(k+1)<sm

<t
<

—b(m" — k — 1)
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Here n" =km+t, —n, m"=kn’ +s, —m and (k,m’,n’)ER, j=
Y(k,m’, n’).
22)t,=1,5,=0,¢ > 1.
2-)y m =z kn', (t; — 1)+ k(k + 5;) < n'.
(22-I) kn” 2z m, (1, = 1) + k(k + 5) < n’ = b(m — k — 5y).
Here n’ = km + t, — n, (k,n’,m) € R, j = Y(k,n’, m).
23)t,=s5,=1.
@3Dm—-1zkn',(k+t;, =D+ k(k+s, - 1)< n.
@3- kn"zm—-1,(k+1, - +k(k+s,—1)<n —b(n—k-ys).
Here n’ =km +t, — n,(k,n’,m - 1)e R, j=y(k,n’,m —1).
(24 1,21, s, =1,=0; s, + kt, <m — bj(n—t,) where (k,m,n)€R, j=
Y(k,m,n).
25) t,22, 5,=0, t,=1; (s, +k)+k(t;-1)<m— bi(n — t,) where
(k,m,n—1)€R, j=y(k,m,n—1).

’
’
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